PHYSICAL REVIEW D, VOLUME 65, 125016

Spacetime states and covariant quantum theory

Michael Reisenberger
Centre de Physique Thaque, Luminy, F-13288 Marseille, France
and Physics Department, Pittsburgh University, Pennsylvania 15260

Carlo Rovelli
Centre de Physique Thaque, Luminy, F-13288 Marseille, France
and Facultad de Ciencias, Universidad de la Reljia, Igua4225, Uruguay
(Received 22 March 2002; published 7 June 2002

In its usual presentation, classical mechanics appears to give time a very special role. But it is well known
that mechanics can be formulated so as to treat the time variable on the same footing as the other variables in
the extended configuration space. Such covariant formulations are natural for relativistic gravitational systems,
where general covariance conflicts with the notion of a preferred physical-time variable. The standard presen-
tation of quantum mechanics, in turn, again gives time a very special role, raising well known difficulties for
guantum gravity. Is there a covariant form (@anonical quantum mechanics? We observe that the preferred
role of time in quantum theory is the consequence of an idealization: that measurements are instantaneous.
Canonical quantum theory can be given a covariant form by dropping this idealization. States prepared by
noninstantaneous measurements are described by “spacetime smeared states.” The theory can be formulated in
terms of these states, without making any reference to a special time variable. The quantum dynamics is
expressed in terms of the propagator, an object covariantly defined on the extended configuration space.
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[. INTRODUCTION define the interpretation—that is, the relation between for-
malism and observation—of the formalisms for quantum
In this paper, we discuss a covariant formulation of ca-gravity developed by the authors and othésse[12] and
nonical quantum mechanics. This formulation is based on theeferences therejnn which the central object that is com-
propagator and on a representation of quantum states whidhited is the propagatdor “projector on physical stateg’P.
we will call “spacetime-smeared quantum states.” We think This work develops ideas on generally covariant quantum
that this formalism can play a role in several problems, sucfiheory previously published by one of [4]; however, the
as, for instance, the interpretation of spin foam quantun$00|5_ presented here aIIovv_ a considerable _S|mpI|f|cat|on.
gravity, the interpretation of quantum cosmological models, Finally, a note on notation: we use capital roman letters
certain interpretational issues in the quantum mechanics of & T) for the space and time coordinates, while we use lower
single relativistic particle, and the problem of the computa-case italic letters,y,... for spacetime points, and later on
tion of the time of arrival in quantum mechanics. Thesefor points in the extended configuration space. Thus for a
problems are all connected, and refer to the role that tim@article in two dimensiong= (X,T).
plays in the formalism of quantum theory. Ideas closely re-

lated to the ones presented here can be four_1d in the work of Il. SPACETIME-SMEARED QUANTUM STATES
Hartle[1,2] and Marolf[3,5], but also of DeWitt{ 6], Isham _ o S _
[7], Klauder[8], Halliwell [4,9], Gambini and Port§10] and Consider a free, nonrelat|V|st|g particle in one space di-
certainly others. mension. Lety{X,T) be its Schrdinger wave function,

Our main tool is the spacetime-smeared representation éfamely, a solution of the free Schiiager equation
guantum states, which we define in Sec. Il. This representa-
tion is the natural one for states prepared in measurements d
which are not instantaneo(ig] and it is spacetime symmet- th = Y(XT) = = 5 = PXT). 1)
ric. We discuss in detail an example of such a measurement.

We then construct a general formulation of quantum theor he Hilbert f th i th is th f
based on these states, in Sec. lll. In Sec. IV, we apply thi € niibert space of the quantum theory IS theé space o

: §1ormalizable solutions to the Scldinger equation. It can be

viability and to point out its advantages. This formulation rgpresented by the spatg[R] of square 'megf?b'e func-
tions on space alone. The wave functigfX,T) is repre-

clarifies some issues in the formulation of the quantum _ )
theory of a single relativistic particle, and in relation to the sented by the square integrable functiBX) = 4(X,0) at a

time of arrival problem, and it helps us to give a consistenlﬁr)](.ed timeT=0, gnd \;]ve willloften ddenot_e the state ). In
interpretation to quantum cosmological models. In Sec. V,t Is representation the scalar product is
we discuss various conceptual issues raised by this formula-
tion and in Sec. VI we briefly summarize our conclusions. o — T
One of the motivations for the present work is to help (vlv >_J' dXE (X)W’ (X). 2
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The spacetime wave functigfican be reconstructed fro using the propagator. We denote flgeneralizefleigenstates
of the position operator X byX) and the generalized eigenstates of the unitarily evolving Heisenberg position opef&tor X
as|X,T) (so that|X)=|X,0)). ThusW (X) =(X|¥) and (X, T) =(X,T|¥). The propagator of the Schtimger equation is

W(X,T; X', T") =(X,T|X", T")

= f ;TF;dEé’ﬁ[p<X*X'>*E<T*T’>]5(E— p2/2m)

- f AP irnpix—x")—pPram(T-1')]
27h

_( 27m )1’2 m(X—X")?
=\ o= exp{‘m]- @)

When viewed as a function of X and T, with’Xand T held It is easy to see that the spacetime-smeared stbtese
fixed, this is a solution of the Schiinger equation which at dense in the Hilbert space of the theory.

time T=T’ is given by a delta distribution in XX'. Each We shall call the normalizable staf labeled by the
function ¥(X) determines a solution of the Schiinger Spacetime functiorf(X,T) a “spacetime-smeared quantum
equation by state,” or simply a “spacetime state.” It is important to no-
tice that this denomination refers simply to the representation
XT)= | dX'W(X.T:X" 0)W(X"). 4 that the state is given. Itis a per_fectly ordinary normalizable
wXT) J ( )X @ quantum state in the ordinary Hilbert state of the theory.

. - It is clear that the spacetime-smeared representation is
Thus the wave functions allowed by the Safirger equa-  highly redundant—many different spacetime functibgéve
tion can be characterized by the functio#$X) of space rise to the same state—while the instantaneous representa-

only. tion is unique. This situation is a bit reminiscent of that
Now we shall consider another representation of quantunfiound in electromagnetism, where the gauge freedom can be
states. Consider the wave function given by essentially eliminated in the Coulomb gauge, but at the cost
of making the formalism noncovariant.
wf(x,T)EJ dX/ dT"W(X,T;: X', THf(X',T"), (5 A particular class of spacetime states plays an important
role in what follows. These are the spacetime states associ-

_ _ ) ated with small spacetime regioff®. Here “small” means
wheref(X,T) is a smooth function on spacetime. The wavesmaller than any spatial or temporal scale involved in the
function (X, T) is a solution of the Schdinger equation as problem being studied. We define the st&® associated
well. In the standard “instantaneous” representation dis-with a spacetime regioR as the normalized spacetime state
cussed above, the wave function is represented by the fundefined by the characteristic function &f, that is,
tion of space obtained by restricting(X,T) to T=0. If the
restriction is square integrable the wave function is a normal- |R)= CRJ dXdT|X,T). (10
izable state. We use the notatiffjpfor this state. That is, r
The normalization factor is easily computed as
~1/2

|f>=f dXdT(X,T)|X,T). (6)
fRdXdeRdX’dT’W(X,T;X’,T’) . (1)

CR:

Since the propagator satisfies the properties
In the rest of this section we study the physical interpre-

WX TXE T =WIXT, T X T) (7 tation of the stategf) and the state§R). In the rest of the
paper we will use this spacetime-smeared representation and
and the propagator to construct a covariant formulation of ca-
W(X,T; X", T") nonical quantum theory.
| Our central claim igi) that the spacetime-smeared states
_ " - 0o N f) are natural objects, once one drops the unrealistic ideali-
_f AX"WX,TXE TOWXE, T XS T, (8) zation that measurements are instantaneous(igrttiat they
make a spacetime symmetric formulation of quantum theory
the scalar product between two such states is possible.
<f|f/>:f dXde dX'dT f(X,T) A. Real measurements
Roughly speaking, if we measure the position of the par-
XW(X,T; X", THT" (X', T). (9) ticle at time T=0, and we find the particle in %0, we can

125016-2



SPACETIME STATES AND COVARIANT QUANTUM THEORY PHYSICAL REVIEW D65 125016

then assume that the particle is in the stxte However, as understand which precise aspect of the particle state is
is well known, no real measuring device can resolve a partiprobed by an apparatus measuring the localization of the
cle’s position with infinite precision. Every real measuring particle.

device has a finite resolutiom We can represent a particle  Let us consider for simplicity a pointer that has two pos-
that at =0 has been detected in=0 by an apparatus with sible states, a stat@), which corresponds to no detection,
spatial resolutiona by a wave packet spread over a finite and a statél), which corresponds to detection. We then rep-

region of sizea. Its state will have the form resent the state space of the coupled particle-detector system
by the Hilbert spacédpp=H®C?, whereH is the Hilbert
|‘1’>=f dXf(X)[X), (12)  space of the particle and? is the state space of a two-state

system. We write a state of the combined system as

where f(X) is, say, a function with support in the interval
[X—a,X+a], or, perhaps, a Gaussian smearing function Wo(X)®|0)+ W1 (X)®|1). (16)

—a X%
f(X)=e X7, (13 The free Hamiltonian of the particle B?/2m, and we take

. . the free Hamiltonian of the detector to be zero. We need an

2 1 o , . ;

me\;vguites]zonliti;'rgiéulx]ézetssbueali;2?;2?:#923?%2Ogl;;gﬁnteractlon hamiltonianH;,;, representing the interaction
) . S - Yiat gives rise to the measuremeHt,,; must have the fol-

instead, that a real measuring device interacts with the SY§,

tem being measured for a finite interval of time. A real mea-°" "9 properties. FII’S’F, It must cause the transitid)
surement never refers to a single sharply defined {igje —|2). Secc_md, the _p_artlcle should interact onIy_ at or a_round
the spacetime position X0, T=0. Thus the interaction

Thus, in the case of a position measurement neither the p jamiltonian must be time dependent, and vanish for late and
sition nor the time at which the particle is seen is resolve : P ' ) .
early times. We have to concentrate the interaction around

with infinite precision. Let us say that the measuring devicel_:0 However, we cannot have a perfectly instantaneous

resolves the time with precisioa We would like to claim interaction because this would require infinite force. We must
that a particle detected in=X0 at T=0 with an experimental ) quire It o
therefore assume that the interaction is nonvanishing for a

device having space resolution of or@eand time resolution finite period of time. Putting these requirements together, and
of order e can be described by a wave packet with the form P : g thesereq s tog .
requiring also that the Hamiltonian is self-adjoint, we arrive

|f>:f dXdTH(X,T)[X,T), (14) at an interaction Hamiltonian of the form
| | , _ Hine= aV(X,T)(|1)(0] +]0)(1)) (17
where f(X,T) is a function concentrated in the region
[—a,+a]X[—e+¢€], such as, for instance, the characteris-where aV/(X,T) is the potential acting on the particle in the
tic function of the region; or, say, by a Gaussian smearingnteraction (with @ a coupling constant The potential
function V(X,T) is concentrated in a finite spacetime regi@nwhich
f(X’T):e—XZIZa—TZIZe. (15) we take to pe concentrated aroune-B and T=0.
The Schrdinger equation for the spacetime wave func-

Notice that in Eq(14) the state is naturally represented as ations of the particle state¥, and ¥, reads

spacetime-smeared state, as defined in the previous section. 9 2 g2
In order to clarify this point, we now describe a simple h 5T Po(X,T)=— om &—leﬂo(X,T)
model of a measurement procedure. The model was consid-
ered in the context of the Wheeler-DeWitt equation, leading +aV(X,T) iy (X,T), (18
to a probability formula essentially identical to the one we ,
find, in [4]. For related constructions, see aJ§¢ This mea- 5 d X T)= — d X T
surement procedure we describe is realistic in the sense that aT YouXT)==352 a_xf¢1( T
the physical interaction responsible for the measurement is
not idealized away. We want to measure the position of the +aVXT) Pho(X,T). (19
particle at a certain time. That is, we want to check whether ) o
the particle is present at a certain pointR at a certain time Now assume that at some early timg %0 the particle is

T=0. We thus set up a physical apparatus that interacts witfy) SOme initial stataj(X,Ti,) and the pointer is in the state
the particle. This apparatus will have a pointer that tells ug®- What is the state of the system at a later timg=F07? It
whether or not the particle has been detected. We now eS stra!ghtforward to integrate the evolution equations to first
ploit the freedom in choosing the boundary between thérder ina. One obtains

guantum system under observation and the measuring appa-

ratus: we treat the particle and particle detector as the sys- lﬂo(X,T):f dX"WX,T; X", Tin) ho(X", Tin), - (20)
tem, and consider that the Copenhagen “measurement” is
realized when the position of the pointer is observéuthe
measurement of the pointer, the time duration of the mea-
surement is not an issue, because the pointer is static after the
interaction with particle is complefeThis trick allows us to XV(X", T (X', T"). (22

(64
X T )= fRdX'dT'W<x.Tfm;><’.T'>
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If the pointer is observed in the stdfie after the interaction, The model of detector that we have described is only an
the state of the system collapsesfto®|1). After the mea- example, but we think that the conclusion that no position
surement, the state of the particle is thus described by théetector can have infinite time resolution is true in general.
wave function(21). But notice that this has precisely the Textbook model detectors have elements of idealization that
form (14) of a spacetime-smeared state, where thehide the finite time resolution. We shall not attempt a general
spacetime-smearing function has supporRkin analysis. We close this subsection, however, by showing that
the measurement time is finite also for the quintessential po-
sition detector: a hole in a wall. Consider a physical particle
fOX,T)=V(X,T) (X, T). (22 in three spacial dimension§ Y, andZ. Suppose we want to
prepare a state in which the coordina¥andZ are concen-
The result to all orders in perturbation theory is more comdrated in a finite(two-dimensiondl interval I. Then we can
plicated, but it is easy to see thej still has the form of a take a wall in the(Y, 2 plane, having a hole of dimensidn
spacetime-smeared state witdupported irfR. Thus we can  and have the particle go through. If the particle passes across
conclude that if we prepare a state concentrated around e hole, then itsy and Z coordinates are inh. This is the
=0, T=0 by means of a physical measurement procedursimplest position measurement discussed in textbooks. At
like the one described, we necessarily obtain a spacetimavhat time does such a measurement happen? In the usual
smeared state defined by a functidiX,T) with supportina textbook discussion, one takes a state described by a plane
finite regionR around X=0, T=0. The size ofR is deter- wave moving in theX direction, namely, normal to the wall.
mined by the accuracy of the measuring apparatus in resolVFhis can be interpreted as describing a steady flux of par-
ing distancesand time intervals ticles, and any time consideration is thus avoided. But what
Consider now an ideal case in which the regiBnis  if we have a single particle? Then the time of the measure-
much smaller than the size over which the wave functionment is clearly the time T at which the particle reaches the
(X, T) varies and the potential(X,T) is constant ovefR.  wall and crossefor fails to crossthe hole. But the true state
In this case, if the pointer is observed in the stajefter the  of the particle cannot be infinitely concentrated in eli-
interaction, the state of the particle collapses precisely to theection. The particle will be described by a wave packet that
state[R), defined in Egs(10), (11). The dependence of the has a finite spread X in the X direction and a spreatiV/ in
final state on the initial wave function, om, and on the the velocity in theY direction. Accordingly, the wave packet
potential, is completely canceled by the normalization of theill cross the hole during a time period of the order
state. ~AX/AV. The source of the component of the wave func-
tion emerging on the other side of the hole is thus concen-
. trated in the spacetime regidd=(T=* €) X, and not in the
The apparatus we have described is effective fmparinga  regionl at a fixed time T. Again, we conclude that the natural
quantum state concentrated around the Origin, but performs pOOf'Mescription of the state emerging from the hole is in terms of

This is because there is always a finite probability for the pointer tOprojection operator at fixed time.

“forget,” namely, to jump back fron|1) to |0), after the first detec-
tion. This does not happen to first orderdn but it is easy to see
that it happens to second order. We can minimize the probability of
“forgetting” by taking « small, but this gives us a detector that ]
works correctly, but has low efficiency. Real detectors, however, are  The interpretation of Schdinger quantum mechanics is
dissipative. For instance, in the silver nitrate crystals of photo-based on the postulate tHat(X,T)|? is thespatial probabil-
graphic film, the microscopic signal that is being detected triggersty density of finding the particle at X, at time T. Equiva-
the fall of the detector to a lower energy, with the energy liberatedently, one can consider a smdbmaller than any spatial
being absorbed by the environment, raising its entropy. There iscale in the probleinspatial intervall =[x,x+ Ax] and the
one, or a small number of, states corresponding to no detection, buformalized statél) which is constant ovel. This state has
a large number of states corresponding to detection. It follows thagyo properties. First, it represents a possible state prepared
once the detectofand environmenthas interacted with the micro-  py a measurement of spatial positionlirSecond, the prob-
system it cannot find its way back to its initial state in a secondgpjlity that an ideal detectofa detector with efficiency )1
interaction, even though this is energetically possible, for reasons gfngs the particle il is |<| |‘If)|2
statlst|c§. Detector moqels of this !(lnd have bgen conS|dered N \We are searching for a spacetime version of this interpre-
[11]. A simple way of tak|_ng this fact into gcco_unt in the model is to tation. Do the state{sR) associated wittspacetimeregions
replace Eq(17) with the interaction Hamiltonian have analogous properties? In the previous subsection we
Hine=aV(X,T)|1)(0] (23 have seen that a certain measurement prepares the7ate
which is not self-adjoint. With this Hamiltonian, the soluticzt) is ~ Can we also say that the probabil®ythat an ideal detector
indeed exact not just to first order, but to all orderszinonce the ~ detects the particle iR is |(R|W)[*? We now show that the
detector has detected the particle, it does not forget it. We are thu8NSWEer IS yes.
not forced to taker small, and we can use such a detector not only ~ The probability of detection of the particle is given by the
to preparea quantum state concentrated around the origin, but alsorm of the state entangled with the “yes” position of the
to efficiently check whether a particle is at the origin or not. pointer, that is, with1). It is thus

B. The states|R) and ideal spacetime measurements
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factor 1/. We can therefore define the notion of an ideal
P:J dX| i1 (X, Tin) |2 detector, whose efficiency is 1, and whose probability of de-
tection is|(R|W)[%.

We thus conclude that wheR is sufficiently small the
state§R) are prepared and are detected by a particle detector
in the spacetime regioR. The detection probabilities of the
ideal detector are

:%fdxf dX dT" WX, T X T ) (X, T
R

x%fRdX”dT”W(X,Tfm;X”,T”)zpo(x”,T”). (29
Pr=|(R|¥)|*. (30)
Integrating indX and using the properties of the propagator
this gives Equation(30) derives from the usual probabilistic interpreta-
tion of the wave function. In the next section we will show
a? _ that the usual probabilistic interpretation can, in turn, be de-
P= pj dzxf d?y o(X)W(X;Y) oY), (25 rived from Eq.(30). Therefore Eq(30) is physically equiva-

R R lent to the standard interpretation in terms of the probabilities
of detection inspatial (equal-time regions. However, it does
not refer to a preferred time coordinate. Equat{80) is a
key result of this paper: we shall take it as the central ingre-
dient of the interpretation of the covariant formulation of

where we have switched to the spacetime notation
=(X,T).

If R is sufficiently small that the wave functiaf, of the
incident particle is well approximated iR by its value quantum theory.

Yo(x) at a pointx=(X,T) e R then The quantityP5 for small regionsRk provides a probabi-
o \2 listic interpretation of the modulus of the wave function. The
p_( ) | ho()]2. (26) probabilities for largeR or R consisting of two small sepa-
hC rated components depend on the relafiaseof the wave
function at different spacetime points, thus providing the
$robabilistic interpretation of thérelative phase, as in the
standard situation. As usual, if ti, are measured for alt
on (separate instances)dhe same state they characterize the
<R|‘P>:CRf Po(X, T)AXdT=CrVeio(x), (27) Wave function completelyup to the overall phage
R Finally, the result that we have obtained can be expressed
in the standard operator language as follows. A measurement
whereVy, is the spacetime volume @t. Thus the probabil-  (efficiency 1 of whether the particle is in the small space-
ity of detection is time regionR is represented by the self-adjoint operator

characteristic statgR) is (always in the small region limjit

— 2
P=yKRIV)[, (28) Ir=|R)R|. (31)
where . .
The corresponding classical observable has value 1 on all the
2 solutions of the equation of motion that croRs and zero

@ (29  elsewhere.

. . . Relati th tial ilit it
which depends on the detector only, can be interpreted as the C. Relation to the spatial probability density

detector’s efficiency. We have seen above that starting from standard quantum
If the particle is in the statéR) the detector is triggered theory one can derive the interpretationRy=(R|W)|* as

with efficiencyy, while if the particle is in a state orthogonal a probability that the particle is detected . Here, for

to |R), the detector is certainly not triggered. completeness, we show how one go back from the probabil-
The detector realizes another characteristic of an ideal ddty in spacetimeP, to the standard interpretation p#|* as

tector of the statéR): if it is triggered, and the particle was a probability in space, and we discuss why spacetime prob-

already in the statgR), the detector leaves the particle in the ability densities cannot be defined.

state|R). The probability of detecting the particle in a small region
Since we have used first order perturbation theory, théR is given by Eq(30). Consider small rectangular spacetime

validity of our calculation requires that<1, as can be seen regionsR of spatial widthAX and duratiomAT which satisfy

by calculating the second order correction. The detector wéhe inequalityA T<mAX?/#. This region can be thought of

have analyzed therefore has low efficiency: it usually misse@s a rectangle with the timelike side much smaller than the

particles which would have triggered an ideal detector withspatial side. It is not hard to prove that for such a region, and

efficiency 1. Nevertheless, the low efficiency detector carup to higher order terms in the size of the region,

equally be used to test the predicted values of the probability

(R|W)[, by simply comparing the predicted values with the Ci= f dzxf d2yW(x:y)= AXAT2 (32)

observed detection frequencies multiplied by the calibration R R
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[becausef” .dX W(X,T;X',T')=1 and R is sufficiently  swer is no, for the following reason. In order to be able to
spatially wide compared to its duration that X integrals givedefine such a probability, the following limit should exist:
almost the same result as the integral ofrere,»)]. Conse-

- - : Pr
quently, for these regions we have P(X)=|lmRHxV—R, 37)

2

— 2_ 2 2
Pr=|(R|¥)I*=C% fR‘/’(X)d X whereVy, is the volume of the region. Consider a regin
of sideseL andeT. A tedious integral shows that for small
- ,AXPAT? 20 23
=[O0 35a7z =¥ 33 Cot= \/ELzTa/zewz_ (39)
m

(wherex is again a point in the small regioR). We have

therefore two results. First, the detection probability does nofhus

depend on the duration & for such regions. This is in fact s 2 5 5 1

the key reason for which the duration of a measurement can ~ Pr=[R|W)[*=CRVR[#(X)[*=|p(x)|*(eT) "%,

be safely neglected in the quantum theory of a particle: if this (39

duration is sufficiently short, the probability to detect theSO that the probability does not scale with the volume, and

parpcle IS mdgpendent of this Quratmn. Second, the .prObab'lfhe limit (37) does not exist. Therefore there is no probability
ity is proportional to the spatial extension of the interval.

Therefore we can define a spatial probability dengity) by density in spacetime.

D. Toward a covariant formulation of quantum theory

. Pr
p(x)_“mA'ﬁOE’ 349 The possibility of labeling quantum states by means of

) - o ) spacetime function§(X,T), or more generally functions of
and we obtain that the probability density in space is the configuration space and time, opens the possibility of
_ 2 formulating ordinary quantum theory in a form in which the
P) =[0I (35 time variable plays a less peculiar role than in the conven-
Cover a spatial regiof) at time T by many contiguous tionaliformulatiorj. To prepare _the. ground for such a refor-
but nonoverlapping small rectangular spacetime regips mulation we begin here by reviewing the structures we have
of the type we have been considering. If we assemble thintroduced in the context of the nonrelativistic free particle in
detectors of the corresponding characteristic sidtgs, we & more abstract mathematical manner, so that they can then
can ask what is the probability that the particle will be de-P€ generalized. _ _ _
tected by any of the detectors. Detections by different detec- First, 16t be the linear space of the physical solutions
tors are mutually exclusive alternatives since their associatef(:T) of the Schrdinger equation?{ is canonically iso-
characteristic states are orthogondildx » d2yW(x;y) morphlc to the _Hllbe.rjc sp_ac‘é(o of the state:‘sI’(X) at fixed
=0 whenR andR’ are simultaneous, nonoverlapping, and ime T=0: the identification map:7{—H, IS given by the
both have dimensions obeyingT<mAX2/#. Thus the restriction W(X)=4(X,0) and its inversel " Ho—H is
probability is just the sum of the individual detection prob- 91ven by the Schrdinger evolution
abilities
zp(X,T):f dX'"W(X, T; X", 00¥(X"). (40
P=3 Pr =3 (WX, [ pPax, @ -
n n Q The identification map induces the physical Hilbert product

L . o ... . OnHDb
where the last expression is exact in the limit of infinitesimal H by

AX, and is accurate as long dss approximately constant in

eachR,,. What we have found is of course precisely the

standard probability interpretation of the wave function. (" )=, W)Ho:f dX#(X,0)¢' (X,0). (41)

When applied to the nonrelativistic quantum mechanics of a

single particle using the propagator specific to this system, Next, consider a spac&formed by spacetime “test func-

the covariant probability interpretatioi80) yields the stan-  tions” f(X,T). For concreteness, we take these functions to

dard probability interpretation of the wave function of this he smooth and with compact support. More general functions

system. such as rapid decrease functions can be more convenient for
It is important to notice that the fact that detections in some app"cations_ Avery important Object is the linear map

disjoint spatial regions at equal time are mutually exclusivep from the space of the test functiofigo the Hilbert space
alternatives does not reflect a special role of time infite %/ defined by

malismbut rather is a feature of the propagator of the non-

relativistic particle. P:E—H
Finally, can we define the probability density in spacetime
of finding the particle around a spacetime poifitThe an- f>|f) (42
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Yi( X, T)=(X,T|f) Let C be the Schrdinger operator defined oft
—f dX dT'W(X, T; X', THf(X', T’ C=i# o B & 44
- ( s Uy ’ ) ( ’ ) =1 (9_T+ﬁ(?_xz ( )

[See Eq.(5).] This map is highly degenerate: it sends arbi-canw(x,y) be recovered directly from the opera®fwith-
trary functions into solutions of the Sclifioger equation. Its gyt passing via théX,T) states as we did in Sec.)™ The
image is dense ifit. The scalar product can be pulled back ganswer is positive, and there are a number of general tech-

to &, giving niques to derivéW(x,y) directly fromC. Here we describe a
general technique denoted group averaging, essentially fol-
<f|f’>:f dXde dX'dT' f(X,T) lowing Marolf’s ideas[3]. We refer the reader tf3] and
references therein for more details and for a more complete
XWX, T:X, THE (X', T'). (43 ~ mathematical treatment of the technique.

The operatolC defines or€ the bilinear form
[See EQq.9).] And therefore the Hilbert space of the theory
‘H is nothing but the linear spac¢kequipped with the bilinear / _ |- 7w T i 7C
form (43) (divided by the zero norm subspace and completed (7. 1)e= ffwde dXdTH (X, T[e™T1(X.T). (45
in norm). Thereforethe propagator Wx,y) contains the full
information needed to reconstruct the Hilbert space of theThis can be easily computed by Fourier transforming, obtain-
theory from the linear spacé. ing

(f'.f)c= f, dff dXdTdX'dT dpdEe PX'e ETF(—p,— E)el (E+P72melPXelET (p E)
=f dpdEf(—p,—E)8(E+p?/2m)T(p,E)

=J dX'dT dXdTH (X', T)H)W(X', T' X, T)f (X, T). (46)

Therefore the propagat®(x,y) is nothing but the kernel of the bilinear form ¢ Hefined in Eq(45). In turn, this bilinear
form is precisely the scalar product. Once more, we have

(Pf,:Pf)H:f dXes(X,0) 4(X,0)

=J dXdX dT/dX"dT" W(X,0; X' T/ ) f (X', T )W(X,0; X" T")f" (X", T")

=f dX'dTdX"dT"f" (X, TH)W(X', T X T (X", T")

=(f"f)c. (47

ThereforeP maps isometrically the linear spa€eequipped lll. GENERAL COVARIANT QUANTUM THEORY
with the bilinear form (,} into the Hilbert spacét of the . .
theory. AsP¢ is dense inH, it follows that H is entirely Le_t us now leave th.e S|r_nple case of a free parucle, anq
determined by¢ and (,).. consider the general situation. Consider a c;lassu;al dynami-
This is a remarkable conclusion, because one often findsd! System. The kinematics of the system is defined by an
in the literature the statement that in order to define the scaldfxtended configuration space. We call the points in\
product on the space of the solutions of the Sdimger X and we assume that the measdxes fixed. The dynamics
equation one has first to identify T as the time variable. Conof the system is defined by(aingle for simplicity constraint
trary to this statement, we see here that, at least for thi€=0. HereC is a function onl’, where['=T* M is the
simple case, the Hilbert space of the thedamgluding its  (extendedl phase space, namely, the cotangent spac&fof
scalar product structuras entirely determined over a space The couple (M,C) completely defines the system. We here
of functions on spacetime by the ScHioger operatoiC,  call this formulation of classical dynamics “covariant.”
without having to single out the variable T as “special.” Other denominations in the literature are presymplectic, pa-
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rametrized, extended, etc. as in Eq.(45 (see[3]). The kernel of this bilinear form
It is well known that a conventional Hamiltonian system definesW(x,y):

can be cast in this form. A conventional Hamiltonian system

is formulated in terms of a configuration spaéé,, and a .

HamiltonianH which is a function of the phase spaEey, (f,f’)C=J dxdx f(x)W(x,x")f(x"). (49

=T* Mpp. The Hamiltonian generates evolution in an exter-

nal time variable T. To reformulate this system in covariant ) ) .
form, one promotes T to a configuration space variable: the ONCEW(x.y) is determined, the rest of the formalism and

extended configuration space includes the conventional col® interpretation of the quantum theory follow. The Hilbert
figuration space plus the time T. That is, one posels SPace of the theory is defined as the spacebtained by
= My X R, where the coordinate df is identified with T. equipping& W'th. f[he bilinear form(49), guotienting by the
Also pone pose€=pr+H, wherepy is the variable conju- kernel of the bilinear form and completing in norm. The

te to T(which phvsically t t to be mi th _ physical states can therefore be labeled by the functions on
gate to T(which physically turns out to be minus the en M as| ). The (highly degeneraemap

ergy).
A (well known) crucial observation is that most interest-
ing physical systems, and in particular all gravitational sys- P:é—H (50)
tems, such as full general relativity with or without matter,
cosmological models, etc., are not given in terms of a Hamil- f|f) (51)

tonian: they are given directly in the covariant formulation.

Therefore not only does the covariant formulation of me-is often improperly called the “projector.”

chanics appear to be more general than the Hamiltonian one, gach state|f) determines a solution of the quantum
but such a wider generality is required for the theories thatgnstraint equation via

better describe our world.

One can try to “deparametrize” these theories by picking
one of the configuration space variables and identifying it as
the time variable. It is sometimes claimed that such a de-
parametrization is necessary in order to understand the quan-
tum properties of these systems. But such a deparametrizghe scalar product on the space of these solutions is well
tion adds an element of arbitrariness, which is certainly nogjefined by(f|f’)=(f,f')c, namely, by Eq(49). But in gen-
part of the classical dynamics. Since the classical dynamicgra| it may not be easily written directly in terms of the
of these systems does not select any preferred independeg¥jutionsy(X,T) themselves.

“time” variable T, we think that their quantum mechanics e must then give the theory an interpretation. Associate

should not select a preferred time variable either. To undery (normalized state|R) with each finite regiorR in M. The
stand their quantum dynamics, we must therefore have a foktate|R) is defined as

mulation of quantum theory in which time plays no special
role. This is the motivation for the definition of covariant IR)=Cplfr) (53)
guantum theory that we give in this section. RUTRE

We thus want to quantize the systeov(C). We begin

:,bf(X,T)EfdX’dT’W(X,T;X’,T’)f(X’,T’). (52

- ; herefy is the characteristic function of the regidd and
with a spacef of test functionsf(x) over M. (We now use W R . o .
P (x) M. Cr=[(fz|fz)| Y2 is the normalization factor. We define the

italic lettersx,y,... for points in the extended configuration | A tai f the th byostulatingthat if R i p
space. The quantum dynamics is then determined by a ertpl)realo”n 0 ? .eqt"hy IVO.SIL.Ja'?}g hz ! t.'"Sf.S‘u.t -
propagatoMV(x,y) on Mx M. ciently small(namely, in the limit in whichR is still finite,

Here we are more interested in the interpretation of th«?m smaller than any other physically relevant dimension in-

theory once the propagator is given than in the actual con?—'OIVed in the problen) the probability amplitude for detect-

struction of the propagator. Let us nevertheless say somé?d @ systentin the state'V)) in the regionR is given by
thing about the derivation aV(x,y) itself. There are a num- )

ber of ways of constructing this object starting from the Pr=KRIW). (54)
classical theory. For instancey(x,y) may be defined as a

sum over classical historidd]. In the case of nonperturba- In turn, |R) represents the state of the system after a mea-
tive quantum gravityW(x,y) may be defined by means of an surement that has detected the system in the region

auxiliary quantum field over a groufl2]. In a canonical In particular, the quantity
guantization, assume that an opera@= C(X,—i%dlIX)
whose classical limit is the constrai@ is given (that is, Arr=(R|R") (55)

assume a given operator ordering has been cho€ere can
then follow closely Marolf's constructiop3] mentioned in s the probability amplitude for detecting the system in the
the previous section. That is, define a bilinear form&n (small) regionR of the extended configuration space, if the
. system was previously detected in tfmmal) region R'.
(f',f)cEJ de dx_f,(x)[eifcf](x) (48) This amplitude can be written explicitly in terms of the
—o propagator as
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JrAX[ r dyW(X;y)
\/fRdeRdyW(Xiy) \/fR'deR'dyW(XiY) .

Arr=CrCr/ de fo, dyW(x;y)= (56)

This completes the definition of general covariant quantunbe added to standard predictions of quantum theory, and, in
theory. fact, that they have to be added, if we want to make sense of
Whether or not the limitR —x can be taken, as well as any statement about the past deriving from our knowledge of
any peculiar property of the probabilities in this limit, de- the present. Either we give up the possibility of makamy
pends on the dynamics. Notice that the limit of the amplitudestatement about the past, or we take retrodictions as these
Az asR shrinks tox and R" to x" is proportional to  statements. We refer to Hartle’s pagjét for a detailed dis-
W(x,x"). ThereforeW(x,x") is proportional to the ampli- ¢yssion.
tude for the system to be atif it was atx’. However, the  \yhatever position we take about retrodiction, the usual
proportionality factor<CrCr. are dimensional and may di- predictions of the quantum theory of a nonrelativistic particle
verge in the limit. Furthermore, the divergence may dependye recovered from the general formalism of Sec. Ill. The

on the way the limit is taken. For instance, it may depend onyyension from the free case to the case with a potential is
the shapeof the region approaching the poixt immediate.

IV. APPLICATIONS B. Time of arrival

We now sketch the application of the general formulation  If the reader is not interested in this problem, this section
discussed above to a number of physical systems of increagan be skipped without prejudice for understanding what fol-
ing complexity. lows. A simple application of the above considerations is to
the problem of the time of arrival in quantum theory. This
problem has generated considerable discusgi@h As far
as we understand, there is no agreement on its solution. The

Does the general theory defined in Sec. Il agree with theproblem is the following. Suppose that a0 a nonrelativ-
conventional quantum theory of a nonrelativistic particleistic particle is in the stat@(X). A particle detector is placed
studied in Sec. I1? The interpretation of the stafR$ is  at the origin. At what time T will the particle detector detect
precisely the same as the one we have derived for the frete particle? More precisely, how can we compute the prob-
particle, and therefore is satisfactory. What about the interability distribution in timep(T) that the detector detects the
pretation of R'|R), for sufficiently small regions, as a tran- particle at time T? Surprisingly, there is no agreement on the
sition amplitude? Let us distinguish three cases, according teolution of this simple problem of nonrelativistic quantum
whetherR' is entirely in the past oR, entirely in the future, mechanics, in spite of the fact that the problem can presum-

A. Nonrelativistic particle

or neither. ably be experimentally investigated. Different authors have
First, we exclude the last case from our considerations, oosomputed different distributions(T).
the ground that the postulated interpretation dema&fdasd The essential reason for this is that there is no unique

R’ to be smaller than any other relevant dimension in thenotion of what it means for a particle to arrive. Different
problem. In order fofR andR’ not to be time ordered, their arrival time measuring devices can be imagined, modeled,
relative time localization must be of the same order as theiand their quantum mechanical behavior computed, yielding

size. distinct p(T)—presumably corresponding to distinct real
Second, consider the case in whigh is in the future of measuring devices that could actually be constructed.
R. In this case, the amplitude for detecting?i a particle The considerations in the previous section suggest the fol-

prepared inR is indeed proportional t¢R'|R), where the lowing approach to the problem. An array of our simfite
proportionality factor depends on the efficiency of the detecefficien) two-state detectors of the kind described above can
tor. Therefore the interpretation suggested agrees with thiee used as a time of arrival measuring device. A sequence of
prediction of conventional quantum mechanics. measurements, each sensitive in a spacetime regjenl
Finally, consider the case in whidR’ is in the past ofR. X[T,,T,+ €] where T,=ne and | is a spatial interval, is
Strictly speaking, this case refers to a situation which has nanade. At the end, the sequence of spinter variablesis
meaning in conventional quantum mechanics: it refers to abserved. The smallest, Tfor which the pointer is in the
situation in which the measurement is made at an earlier timstate|1) is considered as the measured time of arrival. Of
than the preparation. Therefore the general theory given igourse, this resolves the time of arrival only within a preci-
Sec. Il gives more predictions than the ones usually considsion e. This limitation is, however, a feature of any real time
ered in conventional quantum theory. The additional predicof arrival measurement. Moreover, it seems that there is no
tions can be more accurately denoted “retrodictions,” sinceideal measurement that real measurements approximate, in
they are statements about a time that is in the past witliwhich this finite uncertainty is made infinitesimal.
respect to the time at we assume we have information about Our simple detector can miss a particle that is present in
the state. Hartle has long argued that such retrodictions cats domain of sensitivity, but we have also defined the prob-
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ability of detection by an ideal detector sensitive in a smallFourier transform of a function supported on the upper mass
spacetime region. Armed with a prescription for the prob-hyperboliod in momentum space. The corresponding propa-
abilities of the outcomes of a sequence of such ideal meagator is
surementgperhaps along the lines suggested in Sec) WE

could calculate another, in a sense ideal, set of time of arrival d’p 2 ip(x—
probabilities from the particle wave function. The time of Wx.y)= f Z&(p —m)6(E)e” PO

arrival would still be resolved only to within a precisierset

by the duration of the spacetime domains of sensitivity of the _ f ﬁ 1 iP(xt—yb)—iE(P)(xO—y0) (59)
detectors(and of course the result would only be valid for 27 2E(P) '

real detectors that approximate ideal detegtdxa important
test of this idea is whether the result gives sensible results iwhere E(P)=+P>+m* and x=(x',x%)=(X,T). It is
the classical limit. We think so, but we leave this problemeasiest to represent the Hilbert space in momentum space.
open here. Let

Although we thus cannot offer a definitive resolution of
the_ time of a_lrrival problem, we can c!arify one co_nceptual *f(p):f d2xf(x)e 1P, (60)
point: There is no difference between time and position mea-
surements intrinsic to quantum theopgr se It is the dy-
namics of the particular theory under consideration that difV& have then
ferentiates the two. In particular, it is the commutation of the d%p o
projectors to the eigensubspaces of simultaneous spatially (f,g)czf—5(p2—m2)9(E)~f(p)“g(p), (61)
separated particle detectors that makes the definition of a 2
joint measurement by these unproblematic in nonrelativisti
guantum mechanicQM). In relativistic QM, the issue is cihf r[eécz)rtz( t?f mSZ;aJFE)ZQa?fI iﬁz Z%tiéi?rgffr?éeg 7:2:3
already more subtle but spacelike separated families of deTf fz 0P R2 Wh pi/L, the g h P h
tectors with commuting projectors can be defiede Sec. of functions onR™ whose restrictions to the upper mass ny-

IV C). These are features of the propagators of the theorie%erbm?'d rE\)re t?]qur;lrer |nrt]egr]rrr?blebW|tgkth§] Loreg iz mvan;amt
and not of the basic quantum formalism. casure, by the zero norm subspasethe subspace o

Summarizingjf we take into account that realistic mea- functions that vanish almost everywhere on the upper mass

surements cannot have infinite time resolution, the distinctioj’yperbom'd‘ Clearly the states can be expressed in terms of

between measurement of position at a certain time and me t%??::rzz ?snctr?gs:)[r)x[:)aerr\ bmeajvsritStZﬁlggr;gﬁ(\:,\tlig(r?;“g? tﬁg Isneart_ial
surement of time of arrival at a certain position disappears P

momentum P only. The Hilbert space is thenH
=L,[R,dP/2E(P)], with the wave function corresponding

C. Relativistic particle: | ~ flo . ]

to f being¥ (P)=f(P,E(P)) and the inner product given by
The quantum theory of a single relativistic particle is not

a realistic theory, since it neglects the physical phenomena of —

particle creation which are described by quantum field (\P’®)C:J'ZT(F))\P(P)®(P)' (62)

theory. Nevertheless, it is interesting to ask whether there

exists a logically consistent quantum theory, or several, Historically two types of(generalize}l state have been

whose classical limit is the dynamics of a single relativisticassociated with spacetime points=(X,T) in relativistic

particle, and which respects the Lorentz invariance of theyuantum mechanics. Firgt5], there is the Phillips stat®, ,

classical theory. We discuss two such quantizations. In theyhich we also denotéx), which is the spacetime-smeared

first we consider only positive frequency solutions of thestate defined by the spacetime delta functidy)= 5%(y
Klein-Gordon equation; in the second, we consider a theory- y):

for both frequencies.

We start with the following covariant formulation of the D (P)=(P|x)=e I[PX~EPX], (63)
classical theory. We také&1 to be Minkowski space, and the
constraintC to be given by the two conditions Second 16], there is the Newton-Wigner stat, x , which

we also denotéx,K):

¥, k(P)=(P|x,K)=+2E(P)e [PX"E(PIT] (64

E>0, (58)  The Phillips state depends only the spacetime pajimthile
the Newton-Wigner state depends gnas well as on the
choice of an inertial fram&, the frame to which the energy
where p=(P,E) and p’=—P?+E* (We use heréi=c  E(P) and all other space and time components in the expres-
=1) Upon quantization the constrait67) becomes the sjon (64) are referred. The solutions of the Klein-Gordon

Klein-Gordon equation and the positive energy conditionequation corresponding to these states are, respectively,
(58) becomes the restriction to positive frequencies. To-

gether, these constraints restrict the wave function to be the b, (y)=WI(y,Xx) (65

p>=m?, (57)
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and axes of a specific Lorentz frame, hence the frame depen-
dence of the Newton-Wigner states.

Can detectors be built that detect these states? In each
Lorentz frame, the theory is just like the nonrelativistic par-
ticle theory with HamiltonianH=+\P?+m?. We can
where [reinstating dimensionful constants and normalizingtherefore use the same detector described for the nonrelativ-

lﬂx,K(Y)=j dT"W(y, X, T")o(T—T"), (66)

the Newton-Wigner state with a factom®) ~*%] istic particle, with appropriately shaped interaction regions.
In all this, of course, one should keep in mind that the theory

(T)= f E /2|E| SET/ is not realistic, since reality is described by quantum field

27k N m& theory. For detectors corresponding to the Newton-Wigner

operator, see alsi8]. Therefore the two kinds of state cor-
_ 1 7o\ % 6 respond simply to the “pointlike” limits of two distinct kinds
T 2\/;% m (67) of measurement. Notice that the detectors corresponding to
the Newton-Wigner states associated with a single equal-
with 7.=#/mc? the “Compton period” of the particle. time surface collectively measure the Newton-Wigner posi-
It is easy to see that two Newton-Wigner states, correfion, with the eigenvalue obtained being the position of the
sponding to two distinct points but the same inertial frame(only) detector that finds the particle.

and the same time, are orthogonal. Indeed, Both states propagate faster than light, in the sense that
there is a finite probability that the particle will be detected at
(X, T),K[(X",T),K)y=8(X,X"). (68)  two spacelike separated points. There is nothing logically

_ inconsistent in this: it is simply a prediction from this quan-
Furthermore, as we vary X at fixed T these states span th@m theory. In the classical limit, the trajectories stay inside
Hilbert space, forming a basis. There exists, therefore, a selthe light cone.

adjoint position operatoXy(T) diagonal in this basis, Notice that there are two distinct ways of characterizing a
state|y) by means of a function of the position at fixed time
Xc(MI(X,T),K)y=X[(X,T),K), 69  T=0 in a frameK. First, we can takab(X) = (x| ) with x

L _ » =(X,0). Second, we can tak&# (X)=((X,0),K|#). The
which is called the Newton-Wigner position operator. At T firot is the value of the solutio(X,T) of the Klein-Gordon

=0 its form in the representatiol (P) adapted to the frame o ation corresponding to the state at@; while the second

Kis is the amplitude of finding the particle at= (X,0) by means
q 1 of a Newton-Wigner position measurement in the frakne
_ Ee The two quantities are distinct. Both characterize the state
Xc=INE(P) 35 JE(P) (70 uniquely. They are related by
The Newton-Wigner states are defined with respect to a dX)= | — ¥ (P)eiPX
particular inertial frame. The statéX, T),K) is not a spatial 27 2E(P) '

position eigenstate with respect to the position operator of
another frame. Moreovelx,K) and |x’,K) are not orthogo- dpP 1 )
nal unlessx#x’ are simultaneous in the frante It is not W(X)= f Z—E‘P(P)G'PX- (73)
sufficient that they be spacelike separated. The Phillips states 2E(P)
do not depend on a choice of reference frame and their inner
products(x|y)=W(x,y) show that they are not quite or- D. Relativistic particle: I
thogonal for any spacelike separategt

Let us now see how these results appear from the point qg
view of the general theory of Sec. Ill. Let us consider a small(5
regionR centered at the points and study the limit of the
state|R) asR—x. We can take, for instance, a rectangular

A different quantum theory for a single relativistic particle
obtained by dropping the positive frequency condition
8). The Hilbert spacé is then formed by functions with
support on both hyperboloids. The propagator is

region and scale its spacial and temporal sidds-asL and d?p ,
T— €T, adjusting the normalization of the state appropri- W(X,y)ZJﬁfsmz—mz)e'p(x*y)
ately. If the normalized characteristic function approximates
a two-dimensional delta function, then the state we obtain dP 1 iP(d—yh) —iE(P)(—y0)
approximates the Phillips state of the point, nampdy, | 2x 2E(P) (e
The stategx,K) can also be obtained as limits of charac-
teristic states, using regions of a more complicated shape. e POI-yHHEPI Y0y

For instance, the Newton-Wigner state centered on the space-

time origin can be obtained using the region definedXly  Again, this is proportional to the probability amplitude of
<e(7./T)*2 For smalle, we obtain a state that approxi- finding the particle ak if it was aty. The key difference
mates (0,0) K). Of course, the asymptotic points of this thin between this theory and the one in the previous subsection is
diamond-shaped region in Minkowski space pick out thethe fact that in this theory the spatial localization of the par-

125016-11



MICHAEL REISENBERGER AND CARLO ROVELLI PHYSICAL REVIEW D65 125016

ticle in a given frame is not sufficient to determine the stateassuming that the integral in the first line converges.

Indeed, a function/(p) on both hyperboloids is not deter- As before, a measurement that checks whether the particle
mined by a single function of the spatial momentum, butis in a small spacetime regioR defines the statgR), rep-
rather by two functions of momentum: resented by the solution of the Klein-Gordon equation
V. (P)=¢(P,=E(P)). (72)
hr(X)= RW(X,y)dy- (78)

We can still define the Newton-Wigner position operator at

T=0 in a given reference frame, L . .
g If a particle is in such a state, the probability amplitude of

finding it in a small regiorR’ is given as before by E¢56).

d 1
X‘I’i(P)Z—Iﬁ\/E(P)d—Pﬁ‘I’i(P), (73)

but this operator no longer constitutes a complete set of com- We do not consider here the problem of making sense of
muting observables. ligyeneralizegleigenspaces are doubly the quantum theory of a single universe, in which the fre-
degenerate. They include a positive frequency and a negativqency interpretation of probabilities is questionable, and in
frequency component. Accordingly, the position of the par-which the notion of an external observer, required by the
ticle at T=0 does not determine the state uniquely. Copenhagen interpretation, is of difficult use. Instead, we
In a sense, the theory describes a particle that can exist imssume that the Wheeler-DeWitt equation considered does
two states: either as a particle or as an antiparticle. The dyrot describe all degrees of freedom of the universe, but only
namics does not mix the two, but a measurement does. Difa subset of thesésay the gravitational ones, or just some
ferent kinds of measurements can select different mixtures afosmological variablgsso that we can still assume, for the
positive and negative frequency states. sake of the interpretation, that other degrees of freedom in
A measurement that checks whether the particle is in @he universe are treated classically, and can be used to define
small regionR defines the statiR), represented by th@on-  a classical Copenhagen external observer; and also that the
normalized solution of the Klein-Gordon equation dynamics that we are studying is such that in some appropri-
ate sense measurements could be repeated on the same states,
B and thus the frequency interpretation of probability could be
Yr(X)= JRW(x,y)dy. (74 used. Whether or not these assumptions are physically viable
is a problem we do not address here. We focus only on the
If a particle is in such a state, the probability amplitude ofissue of time.
finding it in a small regioriR’ is given by Eq.(56). We assume we are given a Wheeler-DeWitt equation of
the formC¢=0 as a differential equation for a wave func-
tion #(x), wherexe M represents a set of physical vari-
) ) . ables. The spac#1 can be infinite dimensional, for instance,
Let g,,(x) be a globally hyperbolic spacetime metric. the space of the three geometries, or finite dimensional. For
Can we define a quantum theory of a single particle movingnstance, in a simple homogeneous isotropic cosmological
in the spacetime defined by this metric? The quantization of,qdel with a scalar field, we have=(a, #), wherea is the
Sec. IVC cannot be generalized to a curved spacetime bgagijys of the universe anglis the spatially constant value of
cause in general there is no split of the space of the solutiong,e scalar field. We focus here on the finite dimensional case,
of the curved space Klein-Gordon equation into positive andince we are interested in the conceptual issue of time only,
negative frequencies. However, the quantization of Sec. IV E?eaving the generalization to an infinite dimensiodel to
can. The classical particle is characterized by the constraing,ther developments. We also assume that we can fix a mea-
sure dx on M giving an auxiliary Hilbert spaceH,y
=L,[M,dx] in which C is self-adjoint, and a spac®
formed by smooth compact support functioh) on M.
The question is whether we can give a consistent probabilis-
tic interpretation to the solutions of the Wheeler-DeWitt
Cy(x)=[g*"(x)D,D,— m?]y(x) =0, (76) ~ equation without selecting iM a time variable, or a pre-
ferred time direction.
whereD , is the covariant derivative af. The state space if ~ Our strategy should be clear at this point. We define the

formed by solutions of this equation, and the propagatopilinear form (,)}, on @ in terms of Eq.(48). We mod out by
W(x,y) is defined by the zero norm states and complete in norm, obtaining a Hil-

bert spacé+. This can be identified as a space of solutions of
) 2 T irC the Wheeler-DeWitt equations. Any functiéim & defines a
(f.f )C:J de d*xf(x)[e' ™ f](x) state| f ) of the system. In particular, for any small but finite
regionR in M we consider the stai®) and we give it the
_ 2 0 TS physical interpretation of a state that has been found in the
_f dxdTY T WX, ) F(y), 77 regionR of the extended configuration space. The probabil-

F. Quantum cosmology

E. Quantum particle in a curved spacetime

p?=g " (X)p,P,=m?, (75

where p=(P,E)=(p1,py). The quantum constraint be-
comes the curved spacetime Klein-Gordon equation
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ity of finding the system in the regioR’ is then given by plete set of alternatives. The frequency interpretation of mea-
Eq. (55). surement positions of quantum particles in a real experiment,
for instance, is clearly this one, and not whether the particle
G. Quantum gravity is in | as opposed at being somewhere else.

In Ref. [17], a strategy for computing transition ampli- In the case of a nonrelativistic particle, ttieeorytells us
T ) . , that if the particle is detected in then it cannot be detected

tudesW(s,s’) between(generalizeflthree geometries, s . . ) )

is given. The space on which the generalized three geonm R=1. This, howev_er,_ls aconsequence of the dynamics of

etriess exist is a collection of finite dimensional components 1€ teory, not am priori requirement needed to make sense

and carries a natural measude We can therefore interpret of the measurement. . .

the theory along the lines discussed here. The theory defines Consider now a small spacetime regi@nand a detector

probabilities of finding a certain three-geometwith mat-  there. We can consistently define the probability that the par-

ter), within a small error, after a certain three_geomé‘m'ﬁh ticle is in R as the pI’Obablllty that the detector detects the

mattebl within a small error, has been detected. particle. This is not the probablllty that the particle iSRnas
opposed to being somewhere else. It is the probability that
V. SOME CONCEPTUAL ISSUES the particle be detected, as opposed to not being detected.

The introduction of the spacetime-smeared observables B. What is an observable? Partial observables and complete

raises certain general issues, which we discuss here. observables

Consider the following objection.

In quantum mechanics, the position of the particle X is an
Consider the following objection. observable, while the time T is an external parameter. One
The probability of finding the particle in the space interval should not confuse the two, which are very distinct. In par-

| at T=0 is meaningful because the alternative is well de-ticular, if we say that we measure whether the particle is in

fined: it is the probability that the particle be elsewhere, R, we are assuming that we can measure quantum mechani-

namely, inR—1, R being the FO0 real line. But the prob- cally both position and time, and this is a mistake, because
ability of the measurement outcome of finding the particle intime is not an observable.

an arbitrary spacetime regidd has no meaning, because the  This point is discussed in detail in R¢18]. Here we give

set of alternatives is not defined. a short account of the response, referring the readgt8p
Consider a measurement of position at fixed time T, on arfior more details. There is a certain ambiguity in the notion of

assigned initial stat&, and assume here that we can performobservable. This ambiguity is reflected, for instance, in the

the measurement with infinite time resolution. Let us say thatlifference between the quantum theory observables in the
the probability that the particle is in the interdals P. This ~ Schralinger picture(the “position” operator X and in the
probability can be measuredo a given accuragyby re-  Heisenberg picturfthe “position at time T” operator XT)].
peated measurements, as relative frequency of outcomes.Tb disentangle this ambiguity, let us start from the classical
we talk about frequency, we have to specify the set of altermechanics of a single particle. At every time T, we can mea-
natives out of which the outcome is considered. Otherwisesure the position X where the particle is. Let us use the
the notions of probability and frequency do not make senseexpression “complete observable” to indicate the position of
In a measurement of position, the alternative is oftenthe particle at a given time. Thus, a complete observable is,
taken to be that the particle is elsewhénet inl) at T=0.  for instance, the position at=0, and a distinct complete

Thus,P is interpreted as the probability that the particle is inobservable is the position at=T3 s. We use the expression

I, as the opposite of being iR—1. To make sense of this “partial observable” to generically indicate the “position” or

definition of alternatives, one should assume that we have aiie “time.” More precisely, we operationally define a partial

infinity of detectors spread all along the real line=T, all  observable as any measurement procedure that produces a

the way to infinity: some detectors on Andromeda, some omumber(checking where the patrticle is, looking at the clock,

Orion, and others further away. There is nothing wrong inetc). We define a complete observable as a measurement

idealizations, but is this a useful one? Is this idealizationprocedure that gives a number that can be predicted from the

needed to make sense of the measurement of the localizatitmowledge of the state of motion of the systéon, in quan-

of a particle? In a concrete experiment, what we do is simplytum theory, whose probability distribution can be preditted

turn on the detector, and see whether it has detected th&typical complete observable is formed by the conjunction

particle. Why should this be related to the behavior of an-of two (or more partial observables.

other ideal particle detector on Andromeda? In noncovariant theories, partial observables fall into two
It is more reasonable to assume that the alternatives weistinct groups: independent and dependent ones. Indepen-

consider are whether this particular detector has detected tlient partial observables characterize the spacetime position

particle or not We can consider a set of two alternatives where the measurement happens. Thus, time is the indepen-
only: one is that the detector detects the particle, the other ident partial observable in the mechanics of a nonrelativistic
that the detector does not detect the particle. Once the initiglarticle, while the position of the particle is the dependent
state of the particle is determined and the detector is specene. In Maxwell theory, time and position are two indepen-
fied, these two alternatives are well defined and form a comeent partial observables, the electric and magnetic fields are

A. Probability of what?
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the dependent observables, and a complete observable st which projectorIl, or I14., should be applied first?
given by the value of the field at a given time and a given |n the case of a nonrelativistic particle being detected in
position. two very small spacetime regiofi®’ andR” with R” to the

The novelty introduced with general relativity, and the future of R’ and both to the future oRR, the formulaP
peculiarity of all covariant theories, is precisely the fact that=||I1 .11, R)|* does indeed reproduce the correct standard
the a priori distinction between dependent and independentesult. On the other hand, the quanti®s=|I1 I15/R)|?
partial observables is lost. Complete observables are stiloes not seem to have any clear physical meaning in the
given by conjunctions of partial observables, but dependertheory [20]. But if this is so, how can we generalize this
and independent partial observables are not distinguisheggsult to an arbitrary configuration spage, in which no
Thus, for instance, in the cosmology of an isotropic universdime ordering is defined? The projectors act on the wave
with a constant scalar field, and ¢ are both partial observ- functions in all of spacetime, including the past, so it is not
ables, but they are on an equal footing. obvious that the projector corresponding to t_he later mea-

Going back to the objection, the truly observable quantitySurement should be put on the left. Indeed, it may not be
is the relation between X and T. That is, a state of motiorPossible to define which region is later. For instance, in a
determines a unique relation between X and T. Because ciPecial relativistic context even disjoint regions may be
the specific form of the dynamics of the system, we can theR@tly in the future and partly in the past of each other.
treat the two quantities nonsymmetrically. We can treat T as | eré are two possibly related approaches. In the first
an external independent parameter and X as a dynamicéPproaCh[lg] the serles_of mgasurements is treated as a
variable. In a general case, however, this may be impossibl§/nglé measurement by including part of the measurement
A general state of motion will determine a relation between gPParatus in the system of observation, with the reading of
set of variables in an extended configuration sp&¢teThus, the rgsul_ts of the. seéquence of measurements by the observer
the distinctiona priori between X and T mentioned in the COnstituting the final, single act of measurement. _
objection is viable, but not necessary, in a noncovariant FOf instance, in the example above assume that in the

theory. It is no longer viable in a covariant context. regionR" the particle interacts with a two-state syst&
and in the regiorR” with a two-state syster§,, as in Sec.

IIA. The extended configuration spacet is the physical
spacetimeM times{0,1} times{0,1}. Assume the initial state

Up to now, we have considered the situation in whichis characterized by the regioR(0,0) of M. Let us ask what
quantum theory is employed to predict the probability for thejs the probability that the system is found iR{{1,1), where
outcome of a measurement on a state prepared in anothRry; is the T=const line in spacetime and T is later th&A
measurement. Standard quantum theory, however, has smdR". It is then easy to see that the resulting probability
wider application: it can be applied to repeated measureamplitude is proportional té\=|T(I1x I1x)R)|%, whereT
ments. That is, quantum theory addresses the following prolindicates time ordering. That is, time ordering is not pro-
lem. Assume we know that the system is in a sfi#g leta  duced by an additional postulate of the quantum theory, but
first measurement be performed and let us assume that végmply by the dynamics itself. The quantum theory predicts
know the outcome of the measurement. What is the stateonly outcomes of individual measurements. A sequence of
after the measurement? Equivalently, how can we computmeasurements can be reformulated as a single measurement,
the probabilityP of obtainingA and obtainingB in another  py including into the system the dynamics of the measure-
measurementof a different observabj@ ment apparatus.

The standard answer is the following.IKf, is the projec- The second answer is more speculative. In order to use
tor on the eigenspace corresponding to the outcdmand  quantum theory, we ideally separate the world into two com-
Ilg is the projector on the eigenspace corresponding to thgonents. The first component is the system studied, which we
outcomeB, then the probability of obtaining\ and B is  denoteS. The second component is the “observer,” namely,
Pga=|IIglI,W)|? if the A measurement is the first in time. the rest of the world, which we deno@ We think that this
It is Pag=|[I1aIIgW)|* if the B measurement is the first in separation is intrinsic in the quantum description of the
time. In general, the two projectol$, andIlg do not com-  world: quantum theory is always a theory of the interactions
mute, and therefor® g is not equal toPg,. Therefore the of a system(S) over another systert©).? On the other hand,
probability of a set of outcomes is determined by tlmee  the division is arbitrary: indeed, the most remarkable feature
ordering of the measurements. of quantum theory is that the descriptions obtained by break-

If we try to analyze this situation in our covariant frame- ing the world intoS/O components in different manners are
work we find that the framework it is not complete, sinceall consistent with each oth¢R1]. Now, the S system may
time ordering is not defined in a covariant theory. This factbe a covariant system in which time ordering is not defined.
raises a difficulty. To see this, consider three regions of theéevertheless, a time ordering may be introducedCbyin
extended configuration spac®, R', andR". Let the state other words, the time ordering that selects the relevant prob-
be |R). What is the probability that the system is detected in
R’ andin R"?

Itis tempting to say that the measurement of the system in 2However, there are well developed attempts to make sense of the
R’ prepares a staf®R’'){R'|R)=I1x,|R) on which theR"  quantum theory of “closed” systems, namely, systems that do not
measurement acts and so the probabilityi i/ I15 R)|?. interact with an external observer. See, in particulay,

C. Repeated measurements
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abilities may be the one of the observer, not the one of théwo-point function in configuration space; it is closely re-
system. For instance, imagine tt&is formed by theaand¢  lated(but not identical to the “probability amplitude for the
degrees of freedom in a cosmological situation. We can taksystem to be detected atif it was detected ay.” Further-

then asO a set of variables describing physics on, say, themore, it defines the Hilbert space of the theory, since it is the
Earth, for which a specific time ordering is somehow physi-kernel of the scalar product between spacetime-smeared
cally determined. A sequence of measurements inAte states, and it defined the “projection” from the space of test
extended configuration space with coordinateand ¢ is  functions over configuration space to the Hilbert space itself.
then time ordered by the order under which the sys@m In generalW(x,y) is defined by the Wheeler-DeWitt opera-

comes in relation to these regions. tor. In the classical limit, it is easy to see thal(x,y) re-
duces to the exponential of the classical action, or, more
VI. CONCLUSION precisely, to a general solution of the Hamilton-Jacobi equa-

I . tion of the system.

We have explored the possibility of defining quantum  Tne formulation we have suggested makes sense for non-
theory in a covariant form. That is, in a form that allows the yg|atjvistic systems, at thénteresting price of adding “ret-
independent time variable to be treated on an equal footingyyictions” to the predictions of the quantum theory. It
with the dynamical variables in the extended conﬁguranopmakeS sense in the context @frealisti¢ relativistic theo-
space. We expect that such a form of quantum theory igies of a single particle, where it helps clarifying the distinc-
required for understanding the quantum behavior of covarition petween the different kind of states associated with
ant systems such as relativistic gravitational systems.  spacetime pointésuch as the Newton-Wigner and the Phil-

We have found that much of the peculiar role that the timejps states It allows us to make sense of tifanrealisti
variable assumes in the conventional formulation of quantunyyantum theory of a single particle in a curved spacetime. It
theory is not intrinsic in the quantum behavior of physical 3jjows us to give a logically consistent interpretation to the
systems, but rather depends on an idealization of the megrealisticy quantum cosmological models, as far as the
surements: the unrealistic assumption that physical measUreésroplem of time” of these models is concerned. We expect
ments can be performed instantaneously. This idealizatiogsg that this general formulation can be taken as a reference
simplifies the formalism of quantum theory; however, it scheme in quantum gravity.
hides the beautiful symmetry among all variables of the ex-  The remaining conceptual difficulty regards the possibil-
tended configuration space. This symmetry is present in clagy of associating probabilities with sequences of measure-
sical mechanics, where it is made manifest by formulationgnents. We see two possible solutions to this difficulty. The
such as the Hamilton-Jacobi theory, or the covariantist is by reducing any such sequence to a single measure-
(presymplectic, parametrizeéiamiltonian formulation. The  ment or, equivalently, to sets of commuting measurements,
theS|§ of this paper is that this symmetry is not broken by thq,y including the apparatus in the theory. The second is by
physical quantum phenomenology, but only by the unrealisiyoducing the notion of time ordering of the observer.
tic idealization of instantaneous measurements. Giving Up Note addedin a recent papdi22], the interpretation pos-
this idealization reveals the same symmetry in the quanturjate presented here is shown to be correct in the context of
world, opening the way to a formulation of quantum theoryihe dynamics of a relativistic particle, provided that a Lor-

sufficiently general to deal with covariant theories. entz invariant description of the measurement is utilized.
The technical ingredient to be added to the quantum for-

malism is the notion of a spacetime-smeared quantum state.
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