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In its usual presentation, classical mechanics appears to give time a very special role. But it is well known
that mechanics can be formulated so as to treat the time variable on the same footing as the other variables in
the extended configuration space. Such covariant formulations are natural for relativistic gravitational systems,
where general covariance conflicts with the notion of a preferred physical-time variable. The standard presen-
tation of quantum mechanics, in turn, again gives time a very special role, raising well known difficulties for
quantum gravity. Is there a covariant form of~canonical! quantum mechanics? We observe that the preferred
role of time in quantum theory is the consequence of an idealization: that measurements are instantaneous.
Canonical quantum theory can be given a covariant form by dropping this idealization. States prepared by
noninstantaneous measurements are described by ‘‘spacetime smeared states.’’ The theory can be formulated in
terms of these states, without making any reference to a special time variable. The quantum dynamics is
expressed in terms of the propagator, an object covariantly defined on the extended configuration space.

DOI: 10.1103/PhysRevD.65.125016 PACS number~s!: 03.65.Ca, 03.30.1p, 03.65.Ta, 04.60.2m
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I. INTRODUCTION

In this paper, we discuss a covariant formulation of c
nonical quantum mechanics. This formulation is based on
propagator and on a representation of quantum states w
we will call ‘‘spacetime-smeared quantum states.’’ We thi
that this formalism can play a role in several problems, s
as, for instance, the interpretation of spin foam quant
gravity, the interpretation of quantum cosmological mode
certain interpretational issues in the quantum mechanics
single relativistic particle, and the problem of the compu
tion of the time of arrival in quantum mechanics. The
problems are all connected, and refer to the role that t
plays in the formalism of quantum theory. Ideas closely
lated to the ones presented here can be found in the wor
Hartle @1,2# and Marolf @3,5#, but also of DeWitt@6#, Isham
@7#, Klauder@8#, Halliwell @4,9#, Gambini and Porto@10# and
certainly others.

Our main tool is the spacetime-smeared representatio
quantum states, which we define in Sec. II. This represe
tion is the natural one for states prepared in measurem
which are not instantaneous@2# and it is spacetime symme
ric. We discuss in detail an example of such a measurem
We then construct a general formulation of quantum the
based on these states, in Sec. III. In Sec. IV, we apply
formulation to several concrete situations in order to test
viability and to point out its advantages. This formulatio
clarifies some issues in the formulation of the quant
theory of a single relativistic particle, and in relation to t
time of arrival problem, and it helps us to give a consist
interpretation to quantum cosmological models. In Sec.
we discuss various conceptual issues raised by this form
tion and in Sec. VI we briefly summarize our conclusions

One of the motivations for the present work is to he
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define the interpretation—that is, the relation between f
malism and observation—of the formalisms for quantu
gravity developed by the authors and others~see@12# and
references therein! in which the central object that is com
puted is the propagator~or ‘‘projector on physical states’’! P.
This work develops ideas on generally covariant quant
theory previously published by one of us@14#; however, the
tools presented here allow a considerable simplification.

Finally, a note on notation: we use capital roman lett
~X,T! for the space and time coordinates, while we use low
case italic lettersx,y,... for spacetime points, and later o
for points in the extended configuration space. Thus fo
particle in two dimensionsx5(X,T).

II. SPACETIME-SMEARED QUANTUM STATES

Consider a free, nonrelativistic particle in one space
mension. Letc~X,T! be its Schro¨dinger wave function,
namely, a solution of the free Schro¨dinger equation

i\
]

]T
c~X,T!52

\2

2m

]2

]X2 c~X,T!. ~1!

The Hilbert space of the quantum theory is the space
normalizable solutions to the Schro¨dinger equation. It can be
represented by the spaceL2@R# of square integrable func
tions on space alone. The wave functionc~X,T! is repre-
sented by the square integrable functionC(X) 5c(X,0) at a
fixed timeT50, and we will often denote the state byuC&. In
this representation the scalar product is

^CuC8&5E dXC~X!C8~X!. ~2!
©2002 The American Physical Society16-1
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The spacetime wave functionc can be reconstructed fromC using the propagator. We denote the~generalized! eigenstates
of the position operator X byuX& and the generalized eigenstates of the unitarily evolving Heisenberg position operato~T!
as uX,T& ~so thatuX&5uX,0&!. ThusC(X) 5^XuC& andc(X,T)5^X,TuC&. The propagator of the Schro¨dinger equation is

W~X,T;X8,T8!5^X,TuX8,T8&

5E dp

2p\
dEei /\@p~X2X8!2E~T2T8!#d~E2p2/2m!

5E dp

2p\
ei /\@p~X2X8!2p2/2m~T2T8!#

5S 2pm

i\~T2T8! D
1/2

expH 2
m~X2X8!2

2i\~T2T8!J . ~3!
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When viewed as a function of X and T, with X8 and T8 held
fixed, this is a solution of the Schro¨dinger equation which a
time T5T8 is given by a delta distribution in X2X8. Each
function C~X! determines a solution of the Schro¨dinger
equation by

c~X,T!5E dX8W~X,T;X8,0!C~X8!. ~4!

Thus the wave functions allowed by the Schro¨dinger equa-
tion can be characterized by the functionsC~X! of space
only.

Now we shall consider another representation of quan
states. Consider the wave function given by

c f~X,T![E dX8dT8W~X,T;X8,T8! f ~X8,T8!, ~5!

where f (X,T) is a smooth function on spacetime. The wa
functionc f(X,T) is a solution of the Schro¨dinger equation as
well. In the standard ‘‘instantaneous’’ representation d
cussed above, the wave function is represented by the f
tion of space obtained by restrictingc f(X,T) to T50. If the
restriction is square integrable the wave function is a norm
izable state. We use the notationuf& for this state. That is,

u f &5E dXdTf ~X,T!uX,T&. ~6!

Since the propagator satisfies the properties

W~X,T;X8,T8!* 5W~X8,T8;X,T! ~7!

and

W~X,T;X8,T8!

5E dX9W~X,T;X9,T9!W~X9,T9,X8,T8!, ~8!

the scalar product between two such states is

^ f u f 8&5E dXdTE dX8dT8 f ~X,T!

3W~X,T;X8,T8! f 8~X8,T8!. ~9!
12501
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It is easy to see that the spacetime-smeared statesuf& are
dense in the Hilbert space of the theory.

We shall call the normalizable stateuf& labeled by the
spacetime functionf (X,T) a ‘‘spacetime-smeared quantum
state,’’ or simply a ‘‘spacetime state.’’ It is important to no
tice that this denomination refers simply to the representa
that the state is given. It is a perfectly ordinary normaliza
quantum state in the ordinary Hilbert state of the theory.

It is clear that the spacetime-smeared representatio
highly redundant—many different spacetime functionsf give
rise to the same state—while the instantaneous represe
tion is unique. This situation is a bit reminiscent of th
found in electromagnetism, where the gauge freedom ca
essentially eliminated in the Coulomb gauge, but at the c
of making the formalism noncovariant.

A particular class of spacetime states plays an impor
role in what follows. These are the spacetime states ass
ated with small spacetime regionsR. Here ‘‘small’’ means
smaller than any spatial or temporal scale involved in
problem being studied. We define the stateuR& associated
with a spacetime regionR as the normalized spacetime sta
defined by the characteristic function ofR, that is,

uR&5CRER
dXdTuX,T&. ~10!

The normalization factor is easily computed as

CR5S ER
dXdTE

R
dX8dT8W~X,T;X8,T8! D 21/2

. ~11!

In the rest of this section we study the physical interp
tation of the statesuf& and the statesuR&. In the rest of the
paper we will use this spacetime-smeared representation
the propagator to construct a covariant formulation of
nonical quantum theory.

Our central claim is~i! that the spacetime-smeared sta
uf& are natural objects, once one drops the unrealistic ide
zation that measurements are instantaneous, and~ii ! that they
make a spacetime symmetric formulation of quantum the
possible.

A. Real measurements

Roughly speaking, if we measure the position of the p
ticle at time T50, and we find the particle in X50, we can
6-2
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then assume that the particle is in the stateuX&. However, as
is well known, no real measuring device can resolve a pa
cle’s position with infinite precision. Every real measurin
device has a finite resolutiona. We can represent a particl
that at T50 has been detected in X50 by an apparatus with
spatial resolutiona by a wave packet spread over a fini
region of sizea. Its state will have the form

uC&5E dX f ~X!uX&, ~12!

where f (X) is, say, a function with support in the interva
@X2a,X1a#, or, perhaps, a Gaussian smearing function

f ~X!5e2X2/2a. ~13!

What about time? In the usual textbook description,
measurement is assumed to be instantaneous. We obs
instead, that a real measuring device interacts with the
tem being measured for a finite interval of time. A real me
surement never refers to a single sharply defined time@2#.
Thus, in the case of a position measurement neither the
sition nor the time at which the particle is seen is resolv
with infinite precision. Let us say that the measuring dev
resolves the time with precisione. We would like to claim
that a particle detected in X50 at T50 with an experimenta
device having space resolution of ordera and time resolution
of ordere can be described by a wave packet with the fo

u f &5E dXdTf ~X,T!uX,T&, ~14!

where f (X,T) is a function concentrated in the region
@2a,1a#3@2e,1e#, such as, for instance, the character
tic function of the region; or, say, by a Gaussian smear
function

f ~X,T!5e2X2/2a2T2/2e. ~15!

Notice that in Eq.~14! the state is naturally represented as
spacetime-smeared state, as defined in the previous sec

In order to clarify this point, we now describe a simp
model of a measurement procedure. The model was con
ered in the context of the Wheeler-DeWitt equation, lead
to a probability formula essentially identical to the one w
find, in @4#. For related constructions, see also@5#. This mea-
surement procedure we describe is realistic in the sense
the physical interaction responsible for the measuremen
not idealized away. We want to measure the position of
particle at a certain time. That is, we want to check whet
the particle is present at a certain point X50 at a certain time
T50. We thus set up a physical apparatus that interacts
the particle. This apparatus will have a pointer that tells
whether or not the particle has been detected. We now
ploit the freedom in choosing the boundary between
quantum system under observation and the measuring a
ratus: we treat the particle and particle detector as the
tem, and consider that the Copenhagen ‘‘measuremen
realized when the position of the pointer is observed.~In the
measurement of the pointer, the time duration of the m
surement is not an issue, because the pointer is static afte
interaction with particle is complete.! This trick allows us to
12501
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understand which precise aspect of the particle state
probed by an apparatus measuring the localization of
particle.

Let us consider for simplicity a pointer that has two po
sible states, a stateu0&, which corresponds to no detectio
and a stateu1&, which corresponds to detection. We then re
resent the state space of the coupled particle-detector sy
by the Hilbert spaceHPD5H ^ C2, whereH is the Hilbert
space of the particle andC2 is the state space of a two-sta
system. We write a state of the combined system as

C0~X! ^ u0&1C1~X! ^ u1&. ~16!

The free Hamiltonian of the particle isP2/2m, and we take
the free Hamiltonian of the detector to be zero. We need
interaction hamiltonianHint , representing the interactio
that gives rise to the measurement.Hint must have the fol-
lowing properties. First, it must cause the transitionu0&
→u1&. Second, the particle should interact only at or arou
the spacetime position X50, T50. Thus the interaction
Hamiltonian must be time dependent, and vanish for late
early times. We have to concentrate the interaction aro
T50. However, we cannot have a perfectly instantane
interaction because this would require infinite force. We m
therefore assume that the interaction is nonvanishing fo
finite period of time. Putting these requirements together,
requiring also that the Hamiltonian is self-adjoint, we arri
at an interaction Hamiltonian of the form

Hint5aV~X,T!~ u1&^0u1u0&^1u! ~17!

whereaV(X,T) is the potential acting on the particle in th
interaction ~with a a coupling constant!. The potential
V(X,T) is concentrated in a finite spacetime regionR, which
we take to be concentrated around X50 and T50.

The Schro¨dinger equation for the spacetime wave fun
tions of the particle statesC0 andC1 reads

i\
]

]T
c0~X,T!52

\2

2m

]2

]X2 c0~X,T!

1aV~X,T!c1~X,T!, ~18!

i\
]

]T
c1~X,T!52

\2

2m

]2

]X2 c1~X,T!

1aV~X,T!c0~X,T!. ~19!

Now assume that at some early time Tin!0 the particle is
in some initial statec(X,Tin) and the pointer is in the stat
u0&. What is the state of the system at a later time Tf in@0? It
is straightforward to integrate the evolution equations to fi
order ina. One obtains

c0~X,T!5E dX8W~X,T;X8,Tin!c0~X8,Tin!, ~20!

c1~X,T f in!5
a

i\ E
R

dX8dT8W~X,T f in ;X8,T8!

3V~X8,T8!c0~X8,T8!. ~21!
6-3
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If the pointer is observed in the stateu1& after the interaction,
the state of the system collapses toC1^ u1&. After the mea-
surement, the state of the particle is thus described by
wave function~21!. But notice that this has precisely th
form ~14! of a spacetime-smeared state, where
spacetime-smearing function has support inR:

f ~X,T!5V~X,T!c0~X,T!. ~22!

The result to all orders in perturbation theory is more co
plicated, but it is easy to see thatc1 still has the form of a
spacetime-smeared state withf supported inR. Thus we can
conclude that if we prepare a state concentrated aroun
50, T50 by means of a physical measurement proced
like the one described, we necessarily obtain a spacet
smeared state defined by a functionf (X,T) with support in a
finite regionR around X50, T50.1 The size ofR is deter-
mined by the accuracy of the measuring apparatus in res
ing distancesand time intervals.

Consider now an ideal case in which the regionR is
much smaller than the size over which the wave funct
c(X,T) varies and the potentialV(X,T) is constant overR.
In this case, if the pointer is observed in the stateu1& after the
interaction, the state of the particle collapses precisely to
stateuR&, defined in Eqs.~10!, ~11!. The dependence of th
final state on the initial wave function, ona, and on the
potential, is completely canceled by the normalization of
state.

1The apparatus we have described is effective forpreparing a
quantum state concentrated around the origin, but performs po
as adetectorof whether a particle is or is not around the origi
This is because there is always a finite probability for the pointe
‘‘forget,’’ namely, to jump back fromu1& to u0&, after the first detec-
tion. This does not happen to first order ina, but it is easy to see
that it happens to second order. We can minimize the probabilit
‘‘forgetting’’ by taking a small, but this gives us a detector th
works correctly, but has low efficiency. Real detectors, however,
dissipative. For instance, in the silver nitrate crystals of pho
graphic film, the microscopic signal that is being detected trigg
the fall of the detector to a lower energy, with the energy libera
being absorbed by the environment, raising its entropy. Ther
one, or a small number of, states corresponding to no detection
a large number of states corresponding to detection. It follows
once the detector~and environment! has interacted with the micro
system it cannot find its way back to its initial state in a seco
interaction, even though this is energetically possible, for reason
statistics. Detector models of this kind have been considere
@11#. A simple way of taking this fact into account in the model is
replace Eq.~17! with the interaction Hamiltonian

Hint5aV~X,T!u1&^0u ~23!

which is not self-adjoint. With this Hamiltonian, the solution~21! is
indeed exact not just to first order, but to all orders ina: once the
detector has detected the particle, it does not forget it. We are
not forced to takea small, and we can use such a detector not o
to preparea quantum state concentrated around the origin, but
to efficiently check whether a particle is at the origin or not.
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The model of detector that we have described is only
example, but we think that the conclusion that no posit
detector can have infinite time resolution is true in gene
Textbook model detectors have elements of idealization
hide the finite time resolution. We shall not attempt a gene
analysis. We close this subsection, however, by showing
the measurement time is finite also for the quintessential
sition detector: a hole in a wall. Consider a physical parti
in three spacial dimensionsX, Y, andZ. Suppose we want to
prepare a state in which the coordinatesY andZ are concen-
trated in a finite~two-dimensional! interval I. Then we can
take a wall in the~Y, Z! plane, having a hole of dimensionI,
and have the particle go through. If the particle passes ac
the hole, then itsY and Z coordinates are inI. This is the
simplest position measurement discussed in textbooks
what time does such a measurement happen? In the u
textbook discussion, one takes a state described by a p
wave moving in theX direction, namely, normal to the wall
This can be interpreted as describing a steady flux of p
ticles, and any time consideration is thus avoided. But w
if we have a single particle? Then the time of the measu
ment is clearly the time T at which the particle reaches
wall and crosses~or fails to cross! the hole. But the true state
of the particle cannot be infinitely concentrated in theX di-
rection. The particle will be described by a wave packet t
has a finite spreadDX in theX direction and a spreadDV in
the velocity in theY direction. Accordingly, the wave packe
will cross the hole during a time period of the ordere
;DX/DV. The source of the component of the wave fun
tion emerging on the other side of the hole is thus conc
trated in the spacetime regionR5(T6e)3I , and not in the
regionI at a fixed time T. Again, we conclude that the natu
description of the state emerging from the hole is in terms
a spacetime-smeared state, not as an eigenstate of a po
projection operator at fixed time.

B. The stateszR‹ and ideal spacetime measurements

The interpretation of Schro¨dinger quantum mechanics i
based on the postulate thatuc(X,T) u2 is thespatialprobabil-
ity density of finding the particle at X, at time T. Equiva
lently, one can consider a small~smaller than any spatia
scale in the problem! spatial intervalI 5@x,x1Dx# and the
normalized stateuI& which is constant overI. This state has
two properties. First, it represents a possible state prep
by a measurement of spatial position inI: Second, the prob-
ability that an ideal detector~a detector with efficiency 1!
finds the particle inI is z^I uC& z2.

We are searching for a spacetime version of this interp
tation. Do the statesuR& associated withspacetimeregions
have analogous properties? In the previous subsection
have seen that a certain measurement prepares the stateuR&.
Can we also say that the probabilityP that an ideal detecto
detects the particle inR is z^RuC& z2? We now show that the
answer is yes.

The probability of detection of the particle is given by th
norm of the state entangled with the ‘‘yes’’ position of th
pointer, that is, withu1&. It is thus
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P5E dXuc1~X,T f in!u2

5
a

\ E dXE
R

dX8dT8W~X,T f in ;X8,T8!c0~X8,T8!

3
a

\ E
R

dX9dT9W~X,T f in ;X9,T9!c0~X9,T9!. ~24!

Integrating indX and using the properties of the propaga
this gives

P5
a2

\2 ER
d2xE

R
d2yc0~x!W~x;y!c0~y!, ~25!

where we have switched to the spacetime notationx
5(X,T).

If R is sufficiently small that the wave functionc0 of the
incident particle is well approximated inR by its value
c0(x) at a pointx5(X,T)PR then

P5S a

\CR
D 2

uc0~x!u2. ~26!

On the other hand, the overlap of the particle’s state with
characteristic stateuR& is ~always in the small region limit!

^RuC&5CRER
c0~X,T!dXdT5CRVRc0~x!, ~27!

whereVR is the spacetime volume ofR. Thus the probabil-
ity of detection is

P5g z^RuC& z2, ~28!

where

g5S a

\VRCR
2 D 2

, ~29!

which depends on the detector only, can be interpreted as
detector’s efficiency.

If the particle is in the stateuR& the detector is triggered
with efficiencyg, while if the particle is in a state orthogona
to uR&, the detector is certainly not triggered.

The detector realizes another characteristic of an ideal
tector of the stateuR&: if it is triggered, and the particle wa
already in the stateuR&, the detector leaves the particle in th
stateuR&.

Since we have used first order perturbation theory,
validity of our calculation requires thatg!1, as can be see
by calculating the second order correction. The detector
have analyzed therefore has low efficiency: it usually mis
particles which would have triggered an ideal detector w
efficiency 1. Nevertheless, the low efficiency detector c
equally be used to test the predicted values of the probab
z^RuC& z2, by simply comparing the predicted values with t
observed detection frequencies multiplied by the calibrat
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factor 1/g. We can therefore define the notion of an ide
detector, whose efficiency is 1, and whose probability of
tection isz^RuC& z2.

We thus conclude that whenR is sufficiently small the
statesuR& are prepared and are detected by a particle dete
in the spacetime regionR. The detection probabilities of the
ideal detector are

PR5u^RuC&u2. ~30!

Equation~30! derives from the usual probabilistic interpret
tion of the wave function. In the next section we will sho
that the usual probabilistic interpretation can, in turn, be
rived from Eq.~30!. Therefore Eq.~30! is physically equiva-
lent to the standard interpretation in terms of the probabilit
of detection inspatial ~equal-time! regions. However, it does
not refer to a preferred time coordinate. Equation~30! is a
key result of this paper: we shall take it as the central ing
dient of the interpretation of the covariant formulation
quantum theory.

The quantityPR for small regionsR provides a probabi-
listic interpretation of the modulus of the wave function. T
probabilities for largeR or R consisting of two small sepa
rated components depend on the relativephaseof the wave
function at different spacetime points, thus providing t
probabilistic interpretation of the~relative! phase, as in the
standard situation. As usual, if thePR are measured for allR
on ~separate instances of! the same state they characterize t
wave function completely~up to the overall phase!.

Finally, the result that we have obtained can be expres
in the standard operator language as follows. A measurem
~efficiency 1! of whether the particle is in the small spac
time regionR is represented by the self-adjoint operator

PR5uR&^Ru. ~31!

The corresponding classical observable has value 1 on al
solutions of the equation of motion that crossR, and zero
elsewhere.

C. Relation to the spatial probability density

We have seen above that starting from standard quan
theory one can derive the interpretation ofPR5 z^RuC& z2 as
a probability that the particle is detected inR. Here, for
completeness, we show how one go back from the proba
ity in spacetimePR to the standard interpretation ofucu2 as
a probability in space, and we discuss why spacetime pr
ability densities cannot be defined.

The probability of detecting the particle in a small regio
R is given by Eq.~30!. Consider small rectangular spacetim
regionsR of spatial widthDX and durationDT which satisfy
the inequalityDT!mDX2/\. This region can be thought o
as a rectangle with the timelike side much smaller than
spatial side. It is not hard to prove that for such a region, a
up to higher order terms in the size of the region,

CR
225E

R
d2xE

R
d2yW~x;y!5DXDT2 ~32!
6-5
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@because*2`
` dX W(X,T;X8,T8)51 and R is sufficiently

spatially wide compared to its duration that X integrals g
almost the same result as the integral over~2`,`!#. Conse-
quently, for these regions we have

PR5 z^RuC& z25CR
2 U ER

c~x!d2xU2

5uc~x!u2
DX2DT2

DXDT2 5uc~x!u2DX ~33!

~wherex is again a point in the small regionR!. We have
therefore two results. First, the detection probability does
depend on the duration ofR for such regions. This is in fac
the key reason for which the duration of a measurement
be safely neglected in the quantum theory of a particle: if t
duration is sufficiently short, the probability to detect t
particle is independent of this duration. Second, the proba
ity is proportional to the spatial extension of the interv
Therefore we can define a spatial probability densityr(x) by

r~x!5 limDL→0

PR
DL

, ~34!

and we obtain that the probability density in space is

r~x!5uc~x!u2. ~35!

Cover a spatial regionV at time T by many contiguous
but nonoverlapping small rectangular spacetime regionsRn
of the type we have been considering. If we assemble
detectors of the corresponding characteristic statesuRn&, we
can ask what is the probability that the particle will be d
tected by any of the detectors. Detections by different de
tors are mutually exclusive alternatives since their associ
characteristic states are orthogonal:*Rd2x*R8d

2yW(x;y)
.0 whenR andR8 are simultaneous, nonoverlapping, a
both have dimensions obeyingDT!mDX2/\. Thus the
probability is just the sum of the individual detection pro
abilities

P5(
n

PRn
.(

n
~ ucu2DX!n→E

V
ucu2dX, ~36!

where the last expression is exact in the limit of infinitesim
DX, and is accurate as long asc is approximately constant in
eachRn . What we have found is of course precisely t
standard probability interpretation of the wave functio
When applied to the nonrelativistic quantum mechanics o
single particle using the propagator specific to this syst
the covariant probability interpretation~30! yields the stan-
dard probability interpretation of the wave function of th
system.

It is important to notice that the fact that detections
disjoint spatial regions at equal time are mutually exclus
alternatives does not reflect a special role of time in thefor-
malismbut rather is a feature of the propagator of the no
relativistic particle.

Finally, can we define the probability density in spacetim
of finding the particle around a spacetime pointx? The an-
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swer is no, for the following reason. In order to be able
define such a probability, the following limit should exist:

r̃~x!5 limR→x

PR
VR

, ~37!

whereVR is the volume of the region. Consider a regionR
of sideseL andeT. A tedious integral shows that for smalle

CR
22.A\

m
L2T3/2e7/2. ~38!

Thus

PR5 z^RuC& z25CR
2 VR

2 uc~x!u25uc~x!u2~eT!21/2,
~39!

so that the probability does not scale with the volume, a
the limit ~37! does not exist. Therefore there is no probabil
density in spacetime.

D. Toward a covariant formulation of quantum theory

The possibility of labeling quantum states by means
spacetime functionsf (X,T), or more generally functions o
the configuration space and time, opens the possibility
formulating ordinary quantum theory in a form in which th
time variable plays a less peculiar role than in the conv
tional formulation. To prepare the ground for such a ref
mulation we begin here by reviewing the structures we h
introduced in the context of the nonrelativistic free particle
a more abstract mathematical manner, so that they can
be generalized.

First, let H be the linear space of the physical solutio
c~X,T! of the Schro¨dinger equation.H is canonically iso-
morphic to the Hilbert spaceH0 of the statesC~X! at fixed
time T50: the identification mapI :H→H0 is given by the
restriction C(X) 5c(X,0) and its inverseI 21:H0→H is
given by the Schro¨dinger evolution

c~X,T!5E dX8W~X,T;X8,0!C~X8!. ~40!

The identification map induces the physical Hilbert produ
on H by

~c,c8!H[~ Ic,Ic8!H0
5E dXc~X,0!c8~X,0!. ~41!

Next, consider a spaceE formed by spacetime ‘‘test func
tions’’ f (X,T). For concreteness, we take these functions
be smooth and with compact support. More general functi
such as rapid decrease functions can be more convenien
some applications. A very important object is the linear m
P from the space of the test functionsE to the Hilbert space
H, defined by

P:E→H

: f °u f & ~42!
6-6
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c f~X,T![^X,Tu f &

[E dX8dT8W~X,T;X8,T8! f ~X8,T8!.

@See Eq.~5!.# This map is highly degenerate: it sends ar
trary functions into solutions of the Schro¨dinger equation. Its
image is dense inH. The scalar product can be pulled ba
to E, giving

^ f u f 8&5E dXdTE dX8dT8 f ~X,T!

3W~X,T;X8,T8! f 8~X8,T8!. ~43!

@See Eq.~9!.# And therefore the Hilbert space of the theo
H is nothing but the linear spaceE equipped with the bilinear
form ~43! ~divided by the zero norm subspace and comple
in norm!. Thereforethe propagator W(x,y) contains the full
information needed to reconstruct the Hilbert space of
theory from the linear spaceE.
n
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Let C be the Schro¨dinger operator defined onE:

C5 i\
]

]T
1

\2

2m

]2

]X2 . ~44!

CanW(x,y) be recovered directly from the operatorC ~with-
out passing via theuX,T& states as we did in Sec. II!? The
answer is positive, and there are a number of general te
niques to deriveW(x,y) directly fromC. Here we describe a
general technique denoted group averaging, essentially
lowing Marolf’s ideas@3#. We refer the reader to@3# and
references therein for more details and for a more comp
mathematical treatment of the technique.

The operatorC defines onE the bilinear form

~ f 8, f !C[E
2`

`

dtE dXdTf 8~X,T!@ei tCf #~X,T!. ~45!

This can be easily computed by Fourier transforming, obta
ing
~ f 8, f !C5E
2`

`

dtE dXdTdX8dT8dpdEe2 ipX8e2 iET8 f̃ ~2p,2E!ei t~E1p2/2m!eipXeiET f̃ ~p,E!

5E dpdE f̃~2p,2E!d~E1p2/2m! f̃ ~p,E!

5E dX8dT8dXdTf 8~X8,T8!W~X8,T8,X,T! f ~X,T!. ~46!

Therefore the propagatorW(x,y) is nothing but the kernel of the bilinear form (,)C defined in Eq.~45!. In turn, this bilinear
form is precisely the scalar product. Once more, we have

~P f8,P f !H5E dXc f 8~X,0!c f~X,0!

5E dXdX8dT8dX9dT9 W~X,0;X8T8! f 8~X8,T8!W~X,0;X8T8! f 8~X9,T9!

5E dX8dT8dX9dT9 f 8~X8,T8!W~X8,T8;X8T8! f 8~X9,T9!

5~ f 8, f !C . ~47!
nd
mi-
an

re
’’
pa-
ThereforeP maps isometrically the linear spaceE equipped
with the bilinear form (,)C into the Hilbert spaceH of the
theory. As PE is dense inH, it follows that H is entirely
determined byE and (,)C .

This is a remarkable conclusion, because one often fi
in the literature the statement that in order to define the sc
product on the space of the solutions of the Schro¨dinger
equation one has first to identify T as the time variable. C
trary to this statement, we see here that, at least for
simple case, the Hilbert space of the theoryincluding its
scalar product structureis entirely determined over a spac
of functions on spacetime by the Schro¨dinger operatorC,
without having to single out the variable T as ‘‘special.’’
ds
ar

-
is

III. GENERAL COVARIANT QUANTUM THEORY

Let us now leave the simple case of a free particle, a
consider the general situation. Consider a classical dyna
cal system. The kinematics of the system is defined by
~extended! configuration spaceM. We call the points inM
x, and we assume that the measuredx is fixed. The dynamics
of the system is defined by a~single for simplicity! constraint
C50. HereC is a function onG, whereG5T* M is the
~extended! phase space, namely, the cotangent space ofM.
The couple (M,C) completely defines the system. We he
call this formulation of classical dynamics ‘‘covariant.
Other denominations in the literature are presymplectic,
6-7
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rametrized, extended, etc.
It is well known that a conventional Hamiltonian syste

can be cast in this form. A conventional Hamiltonian syst
is formulated in terms of a configuration spaceMph and a
HamiltonianH which is a function of the phase spaceGPh
5T* Mph . The Hamiltonian generates evolution in an ext
nal time variable T. To reformulate this system in covaria
form, one promotes T to a configuration space variable:
extended configuration space includes the conventional
figuration space plus the time T. That is, one posesM
5Mph3R, where the coordinate ofR is identified with T.
Also, one posesC5pT1H, wherepT is the variable conju-
gate to T~which physically turns out to be minus the e
ergy!.

A ~well known! crucial observation is that most interes
ing physical systems, and in particular all gravitational s
tems, such as full general relativity with or without matt
cosmological models, etc., are not given in terms of a Ham
tonian: they are given directly in the covariant formulatio
Therefore not only does the covariant formulation of m
chanics appear to be more general than the Hamiltonian
but such a wider generality is required for the theories t
better describe our world.

One can try to ‘‘deparametrize’’ these theories by picki
one of the configuration space variables and identifying it
the time variable. It is sometimes claimed that such a
parametrization is necessary in order to understand the q
tum properties of these systems. But such a deparamet
tion adds an element of arbitrariness, which is certainly
part of the classical dynamics. Since the classical dynam
of these systems does not select any preferred indepen
‘‘time’’ variable T, we think that their quantum mechanic
should not select a preferred time variable either. To und
stand their quantum dynamics, we must therefore have a
mulation of quantum theory in which time plays no spec
role. This is the motivation for the definition of covaria
quantum theory that we give in this section.

We thus want to quantize the system (M,C). We begin
with a spaceE of test functionsf (x) over M. ~We now use
italic lettersx,y,... for points in the extended configuratio
space.! The quantum dynamics is then determined by
propagatorW(x,y) on M3M.

Here we are more interested in the interpretation of
theory once the propagator is given than in the actual c
struction of the propagator. Let us nevertheless say so
thing about the derivation ofW(x,y) itself. There are a num
ber of ways of constructing this object starting from t
classical theory. For instance,W(x,y) may be defined as a
sum over classical histories@1#. In the case of nonperturba
tive quantum gravity,W(x,y) may be defined by means of a
auxiliary quantum field over a group@12#. In a canonical
quantization, assume that an operatorC5C(x,2 i\]/]x)
whose classical limit is the constraintC is given ~that is,
assume a given operator ordering has been chosen!. One can
then follow closely Marolf’s construction@3# mentioned in
the previous section. That is, define a bilinear form onE

~ f 8, f !C[E
2`

`

dtE dxf 8~x!@ei tCf #~x! ~48!
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as in Eq. ~45! ~see @3#!. The kernel of this bilinear form
definesW(x,y):

~ f , f 8!C5E dxdx8 f ~x!W~x,x8! f ~x8!. ~49!

OnceW(x,y) is determined, the rest of the formalism an
the interpretation of the quantum theory follow. The Hilbe
space of the theory is defined as the spaceH obtained by
equippingE with the bilinear form~49!, quotienting by the
kernel of the bilinear form and completing in norm. Th
physical states can therefore be labeled by the functions
M as u f &. The ~highly degenerate! map

P:E→H ~50!

: f °u f & ~51!

is often improperly called the ‘‘projector.’’
Each stateu f & determines a solution of the quantu

constraint equation via

c f~X,T![E dX8dT8W~X,T;X8,T8! f ~X8,T8!. ~52!

The scalar product on the space of these solutions is
defined bŷ f u f 8&5( f , f 8)C , namely, by Eq.~49!. But in gen-
eral it may not be easily written directly in terms of th
solutionsc f(X,T) themselves.

We must then give the theory an interpretation. Associ
a ~normalized! stateuR& with each finite regionR in M. The
stateuR& is defined as

uR&5CRu f R&, ~53!

where f R is the characteristic function of the regionR and
CR5 z^ f Ru f R& z21/2 is the normalization factor. We define th
interpretation of the theory bypostulatingthat if R is suffi-
ciently small~namely, in the limit in whichR is still finite,
but smaller than any other physically relevant dimension
volved in the problem!, the probability amplitude for detect
ing a system~in the stateuC&! in the regionR is given by

PR5 z^RuC& z2. ~54!

In turn, uR& represents the state of the system after a m
surement that has detected the system in the regionR.

In particular, the quantity

AR,R85^RuR8& ~55!

is the probability amplitude for detecting the system in t
~small! regionR of the extended configuration space, if th
system was previously detected in the~small! region R8.
This amplitude can be written explicitly in terms of th
propagator as
6-8
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AR,R85CRCR8ER
dxE

R8
dyW~x;y!5

*Rdx*R8dyW~x;y!

A*Rdx*RdyW~x;y!A*R8dx*R8dyW~x;y!
. ~56!
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This completes the definition of general covariant quant
theory.

Whether or not the limitR→x can be taken, as well a
any peculiar property of the probabilities in this limit, d
pends on the dynamics. Notice that the limit of the amplitu
AR,R8 as R shrinks tox and R8 to x8 is proportional to
W(x,x8). ThereforeW(x,x8) is proportional to the ampli-
tude for the system to be atx if it was at x8. However, the
proportionality factorsCRCR8 are dimensional and may d
verge in the limit. Furthermore, the divergence may dep
on the way the limit is taken. For instance, it may depend
the shapeof the region approaching the pointx.

IV. APPLICATIONS

We now sketch the application of the general formulat
discussed above to a number of physical systems of incr
ing complexity.

A. Nonrelativistic particle

Does the general theory defined in Sec. III agree with
conventional quantum theory of a nonrelativistic partic
studied in Sec. II? The interpretation of the statesuR& is
precisely the same as the one we have derived for the
particle, and therefore is satisfactory. What about the in
pretation of̂ R8uR&, for sufficiently small regions, as a tran
sition amplitude? Let us distinguish three cases, accordin
whetherR8 is entirely in the past ofR, entirely in the future,
or neither.

First, we exclude the last case from our considerations
the ground that the postulated interpretation demandsR and
R8 to be smaller than any other relevant dimension in
problem. In order forR andR8 not to be time ordered, thei
relative time localization must be of the same order as th
size.

Second, consider the case in whichR8 is in the future of
R. In this case, the amplitude for detecting inR8 a particle
prepared inR is indeed proportional tôR8uR&, where the
proportionality factor depends on the efficiency of the det
tor. Therefore the interpretation suggested agrees with
prediction of conventional quantum mechanics.

Finally, consider the case in whichR8 is in the past ofR.
Strictly speaking, this case refers to a situation which has
meaning in conventional quantum mechanics: it refers t
situation in which the measurement is made at an earlier t
than the preparation. Therefore the general theory give
Sec. III gives more predictions than the ones usually con
ered in conventional quantum theory. The additional pred
tions can be more accurately denoted ‘‘retrodictions,’’ sin
they are statements about a time that is in the past w
respect to the time at we assume we have information a
the state. Hartle has long argued that such retrodictions
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be added to standard predictions of quantum theory, and
fact, that they have to be added, if we want to make sens
any statement about the past deriving from our knowledge
the present. Either we give up the possibility of makingany
statement about the past, or we take retrodictions as th
statements. We refer to Hartle’s paper@1# for a detailed dis-
cussion.

Whatever position we take about retrodiction, the us
predictions of the quantum theory of a nonrelativistic parti
are recovered from the general formalism of Sec. III. T
extension from the free case to the case with a potentia
immediate.

B. Time of arrival

If the reader is not interested in this problem, this sect
can be skipped without prejudice for understanding what
lows. A simple application of the above considerations is
the problem of the time of arrival in quantum theory. Th
problem has generated considerable discussion@13#. As far
as we understand, there is no agreement on its solution.
problem is the following. Suppose that at T50 a nonrelativ-
istic particle is in the stateC~X!. A particle detector is placed
at the origin. At what time T will the particle detector dete
the particle? More precisely, how can we compute the pr
ability distribution in timer~T! that the detector detects th
particle at time T? Surprisingly, there is no agreement on
solution of this simple problem of nonrelativistic quantu
mechanics, in spite of the fact that the problem can pres
ably be experimentally investigated. Different authors ha
computed different distributionsr~T!.

The essential reason for this is that there is no uniq
notion of what it means for a particle to arrive. Differe
arrival time measuring devices can be imagined, mode
and their quantum mechanical behavior computed, yield
distinct r(T)—presumably corresponding to distinct re
measuring devices that could actually be constructed.

The considerations in the previous section suggest the
lowing approach to the problem. An array of our simple~in-
efficient! two-state detectors of the kind described above
be used as a time of arrival measuring device. A sequenc
measurements, each sensitive in a spacetime regionRn5I
3@Tn ,Tn1e# where Tn5ne and I is a spatial interval, is
made. At the end, the sequence of spins~pointer variables! is
observed. The smallest Tn for which the pointer is in the
state u1& is considered as the measured time of arrival.
course, this resolves the time of arrival only within a pre
sione. This limitation is, however, a feature of any real tim
of arrival measurement. Moreover, it seems that there is
ideal measurement that real measurements approximat
which this finite uncertainty is made infinitesimal.

Our simple detector can miss a particle that is presen
its domain of sensitivity, but we have also defined the pro
6-9
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ability of detection by an ideal detector sensitive in a sm
spacetime region. Armed with a prescription for the pro
abilities of the outcomes of a sequence of such ideal m
surements~perhaps along the lines suggested in Sec. V C! we
could calculate another, in a sense ideal, set of time of arr
probabilities from the particle wave function. The time
arrival would still be resolved only to within a precisione set
by the duration of the spacetime domains of sensitivity of
detectors~and of course the result would only be valid f
real detectors that approximate ideal detectors!. An important
test of this idea is whether the result gives sensible resul
the classical limit. We think so, but we leave this proble
open here.

Although we thus cannot offer a definitive resolution
the time of arrival problem, we can clarify one conceptu
point: There is no difference between time and position m
surements intrinsic to quantum theoryper se. It is the dy-
namics of the particular theory under consideration that
ferentiates the two. In particular, it is the commutation of t
projectors to the eigensubspaces of simultaneous spa
separated particle detectors that makes the definition
joint measurement by these unproblematic in nonrelativi
quantum mechanics~QM!. In relativistic QM, the issue is
already more subtle but spacelike separated families of
tectors with commuting projectors can be defined~see Sec.
IV C!. These are features of the propagators of the theo
and not of the basic quantum formalism.

Summarizing,if we take into account that realistic mea
surements cannot have infinite time resolution, the distinc
between measurement of position at a certain time and m
surement of time of arrival at a certain position disappea.

C. Relativistic particle: I

The quantum theory of a single relativistic particle is n
a realistic theory, since it neglects the physical phenomen
particle creation which are described by quantum fi
theory. Nevertheless, it is interesting to ask whether th
exists a logically consistent quantum theory, or seve
whose classical limit is the dynamics of a single relativis
particle, and which respects the Lorentz invariance of
classical theory. We discuss two such quantizations. In
first we consider only positive frequency solutions of t
Klein-Gordon equation; in the second, we consider a the
for both frequencies.

We start with the following covariant formulation of th
classical theory. We takeM to be Minkowski space, and th
constraintC to be given by the two conditions

p25m2, ~57!

E.0, ~58!

where p5(P,E) and p252P21E2. ~We use here\5c
51.! Upon quantization the constraint~57! becomes the
Klein-Gordon equation and the positive energy condit
~58! becomes the restriction to positive frequencies.
gether, these constraints restrict the wave function to be
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Fourier transform of a function supported on the upper m
hyperboliod in momentum space. The corresponding pro
gator is

W~x,y!5E d2p

2p
d~p22m2!u~E!e2 ip~x2y!

5E dP

2p

1

2E~P!
eiP~x12y1!2 iE~P!~x02y0!, ~59!

where E(P)51AP21m2 and x5(x1,x0)5(X,T). It is
easiest to represent the Hilbert space in momentum sp
Let

f̃ ~p!5E d2x f~x!e2 i ~p•x!. ~60!

We have then

~ f ,g!C5E d2p

2p
d~p22m2!u~E! f̃ ~̄p)g̃~p!. ~61!

Therefore the state space can be represented byH
5L2@R2,d(p22m2)u(E)d2p#/I, the quotient of the space
of functions onR2 whose restrictions to the upper mass h
perboloid are square integrable with the Lorentz invari
measure, by the zero norm subspaceI—the subspace o
functions that vanish almost everywhere on the upper m
hyperboloid. Clearly the states can be expressed in term
functions on the upper mass shell only, which~once an iner-
tial frame is chosen! can be written as functions of the spati
momentum P only. The Hilbert space is thenH
5L2@R,dP/2E(P)#, with the wave function correspondin
to f̃ beingC(P)5 f̃ „P,E(P)… and the inner product given b

~C,Q!C5E dP

2p

1

2E~P!
C~̄P)Q~P!. ~62!

Historically two types of~generalized! state have been
associated with spacetime pointsx5(X,T) in relativistic
quantum mechanics. First@15#, there is the Phillips stateFx ,
which we also denoteux&, which is the spacetime-smeare
state defined by the spacetime delta functionf (y)5d2(y
2x):

Fx~P!5^Pux&5e2 i @Px12E~P!x0#. ~63!

Second@16#, there is the Newton-Wigner stateCx,K , which
we also denoteux,K&:

Cx,K~P!5^Pux,K&5A2E~P!e2 i @PX2E~P!T#. ~64!

The Phillips state depends only the spacetime pointx, while
the Newton-Wigner state depends onx, as well as on the
choice of an inertial frameK, the frame to which the energ
E(P) and all other space and time components in the exp
sion ~64! are referred. The solutions of the Klein-Gordo
equation corresponding to these states are, respectively,

fx~y!5W~y,x! ~65!
6-10
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and

cx,K~y!5E dT9W~y,X,T9!v~T2T9!, ~66!

where @reinstating dimensionful constants and normalizi
the Newton-Wigner state with a factor (mc2)21/2#

v~T!5E dE

2p\
A2uEu

mc2 eiET/\

52
1

2Aptc
S tc

uTu D
23/2

~67!

with tc5\/mc2 the ‘‘Compton period’’ of the particle.
It is easy to see that two Newton-Wigner states, cor

sponding to two distinct points but the same inertial fra
and the same time, are orthogonal. Indeed,

^~X,T!,Ku~X8,T!,K&5d~X,X8!. ~68!

Furthermore, as we vary X at fixed T these states span
Hilbert space, forming a basis. There exists, therefore, a s
adjoint position operatorXK(T) diagonal in this basis,

XK~T!u~X,T!,K&5Xu~X,T!,K&, ~69!

which is called the Newton-Wigner position operator. At
50 its form in the representationC(P) adapted to the frame
K is

XK5 iAE~P!
d

dP

1

AE~P!
. ~70!

The Newton-Wigner states are defined with respect t
particular inertial frame. The stateu(X,T),K& is not a spatial
position eigenstate with respect to the position operato
another frame. Moreover,ux,K& and ux8,K& are not orthogo-
nal unlessxÞx8 are simultaneous in the frameK. It is not
sufficient that they be spacelike separated. The Phillips st
do not depend on a choice of reference frame and their in
products^xuy&5W(x,y) show that they are not quite or
thogonal for any spacelike separatedx,y.

Let us now see how these results appear from the poin
view of the general theory of Sec. III. Let us consider a sm
regionR centered at the pointsx, and study the limit of the
stateuR& as R→x. We can take, for instance, a rectangu
region and scale its spacial and temporal sides asL→eL and
T→eT, adjusting the normalization of the state approp
ately. If the normalized characteristic function approxima
a two-dimensional delta function, then the state we obt
approximates the Phillips state of the point, namely,ux&.

The statesux,K& can also be obtained as limits of chara
teristic states, using regions of a more complicated sh
For instance, the Newton-Wigner state centered on the sp
time origin can be obtained using the region defined byuXu
,e(tc /T)3/2. For small e, we obtain a state that approx
matesu(0,0),K&. Of course, the asymptotic points of this th
diamond-shaped region in Minkowski space pick out
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axes of a specific Lorentz frame, hence the frame dep
dence of the Newton-Wigner states.

Can detectors be built that detect these states? In e
Lorentz frame, the theory is just like the nonrelativistic pa
ticle theory with HamiltonianH51AP21m2. We can
therefore use the same detector described for the nonrel
istic particle, with appropriately shaped interaction regio
In all this, of course, one should keep in mind that the the
is not realistic, since reality is described by quantum fie
theory. For detectors corresponding to the Newton-Wig
operator, see also@3#. Therefore the two kinds of state co
respond simply to the ‘‘pointlike’’ limits of two distinct kinds
of measurement. Notice that the detectors correspondin
the Newton-Wigner states associated with a single eq
time surface collectively measure the Newton-Wigner po
tion, with the eigenvalue obtained being the position of t
~only! detector that finds the particle.

Both states propagate faster than light, in the sense
there is a finite probability that the particle will be detected
two spacelike separated points. There is nothing logica
inconsistent in this: it is simply a prediction from this qua
tum theory. In the classical limit, the trajectories stay ins
the light cone.

Notice that there are two distinct ways of characterizin
stateuc& by means of a function of the position at fixed tim
T50 in a frameK. First, we can takeF(X) 5^xuc& with x
5(X,0). Second, we can takeC(X) 5^(X,0),Kuc&. The
first is the value of the solutionc~X,T! of the Klein-Gordon
equation corresponding to the state at T50, while the second
is the amplitude of finding the particle atx5(X,0) by means
of a Newton-Wigner position measurement in the frameK.
The two quantities are distinct. Both characterize the s
uniquely. They are related by

F~X!5E dP

2p

1

2E~P!
C~P!eiPX,

C~X!5E dP

2p

1

A2E~P!
C~P!eiPX. ~71!

D. Relativistic particle: II

A different quantum theory for a single relativistic partic
is obtained by dropping the positive frequency conditi
~58!. The Hilbert spaceH is then formed by functions with
support on both hyperboloids. The propagator is

W~x,y!5E d2p

2p
d~p22m2!eip~x2y!

5E dP

2p

1

2E~P!
~eiP~x12y1!2 iE~P!~x02y0!

1e2 iP~x12y1!1 iE~P!~x02y0!!.

Again, this is proportional to the probability amplitude o
finding the particle atx if it was at y. The key difference
between this theory and the one in the previous subsectio
the fact that in this theory the spatial localization of the p
6-11
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ticle in a given frame is not sufficient to determine the sta
Indeed, a functionc(p) on both hyperboloids is not deter
mined by a single function of the spatial momentum, b
rather by two functions of momentum:

C6~P![c„P,6E~P!…. ~72!

We can still define the Newton-Wigner position operator
T50 in a given reference frame,

XC6~P!52 i\AE~P!
d

dP

1

AE~P!
C6~P!, ~73!

but this operator no longer constitutes a complete set of c
muting observables. Its~generalized! eigenspaces are doub
degenerate. They include a positive frequency and a nega
frequency component. Accordingly, the position of the p
ticle at T50 does not determine the state uniquely.

In a sense, the theory describes a particle that can exi
two states: either as a particle or as an antiparticle. The
namics does not mix the two, but a measurement does.
ferent kinds of measurements can select different mixture
positive and negative frequency states.

A measurement that checks whether the particle is i
small regionR defines the stateuR&, represented by the~non-
normalized! solution of the Klein-Gordon equation

cR~x!5E
R

W~x,y!dy. ~74!

If a particle is in such a state, the probability amplitude
finding it in a small regionR8 is given by Eq.~56!.

E. Quantum particle in a curved spacetime

Let gmn(x) be a globally hyperbolic spacetime metri
Can we define a quantum theory of a single particle mov
in the spacetime defined by this metric? The quantization
Sec. IV C cannot be generalized to a curved spacetime
cause in general there is no split of the space of the solut
of the curved space Klein-Gordon equation into positive a
negative frequencies. However, the quantization of Sec. I
can. The classical particle is characterized by the constr

p2[gmn~x!pmpn5m2, ~75!

where p5(P,E)5(p1 ,p0). The quantum constraint be
comes the curved spacetime Klein-Gordon equation

Cc~x!5@gmn~x!DmDn2m2#c~x!50, ~76!

whereDm is the covariant derivative ofg. The state space i
formed by solutions of this equation, and the propaga
W(x,y) is defined by

~ f , f 8!C5E dtE d2xf ~x!@ei tCf #~x!

5E d2xd2yf ~x!W~x,y! f ~y!, ~77!
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assuming that the integral in the first line converges.
As before, a measurement that checks whether the par

is in a small spacetime regionR defines the stateuR&, rep-
resented by the solution of the Klein-Gordon equation

cR~x!5E
R

W~x,y!dy. ~78!

If a particle is in such a state, the probability amplitude
finding it in a small regionR8 is given as before by Eq.~56!.

F. Quantum cosmology

We do not consider here the problem of making sense
the quantum theory of a single universe, in which the f
quency interpretation of probabilities is questionable, and
which the notion of an external observer, required by
Copenhagen interpretation, is of difficult use. Instead,
assume that the Wheeler-DeWitt equation considered d
not describe all degrees of freedom of the universe, but o
a subset of these~say the gravitational ones, or just som
cosmological variables!, so that we can still assume, for th
sake of the interpretation, that other degrees of freedom
the universe are treated classically, and can be used to d
a classical Copenhagen external observer; and also tha
dynamics that we are studying is such that in some appro
ate sense measurements could be repeated on the same
and thus the frequency interpretation of probability could
used. Whether or not these assumptions are physically vi
is a problem we do not address here. We focus only on
issue of time.

We assume we are given a Wheeler-DeWitt equation
the formCc50 as a differential equation for a wave fun
tion c(x), wherexPM represents a set of physical var
ables. The spaceM can be infinite dimensional, for instanc
the space of the three geometries, or finite dimensional.
instance, in a simple homogeneous isotropic cosmolog
model with a scalar field, we havex5(a,f), wherea is the
radius of the universe andf is the spatially constant value o
the scalar field. We focus here on the finite dimensional ca
since we are interested in the conceptual issue of time o
leaving the generalization to an infinite dimensionalM to
further developments. We also assume that we can fix a m
sure dx on M giving an auxiliary Hilbert spaceHaux
5L2@M,dx# in which C is self-adjoint, and a spaceF
formed by smooth compact support functionsf (x) on M.
The question is whether we can give a consistent probab
tic interpretation to the solutions of the Wheeler-DeW
equation without selecting inM a time variable, or a pre-
ferred time direction.

Our strategy should be clear at this point. We define
bilinear form (,)c on F in terms of Eq.~48!. We mod out by
the zero norm states and complete in norm, obtaining a
bert spaceH. This can be identified as a space of solutions
the Wheeler-DeWitt equations. Any functionf in F defines a
stateu f & of the system. In particular, for any small but fini
regionR in M we consider the stateuR& and we give it the
physical interpretation of a state that has been found in
regionR of the extended configuration space. The proba
6-12
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ity of finding the system in the regionR8 is then given by
Eq. ~55!.

G. Quantum gravity

In Ref. @17#, a strategy for computing transition ampl
tudesW(s,s8) between~generalized! three geometriess, s8
is given. The space on which the generalized three ge
etriess exist is a collection of finite dimensional componen
and carries a natural measureds. We can therefore interpre
the theory along the lines discussed here. The theory de
probabilities of finding a certain three-geometry~with mat-
ter!, within a small error, after a certain three-geometry~with
matter!, within a small error, has been detected.

V. SOME CONCEPTUAL ISSUES

The introduction of the spacetime-smeared observa
raises certain general issues, which we discuss here.

A. Probability of what?

Consider the following objection.
The probability of finding the particle in the space interv

I at T50 is meaningful because the alternative is well d
fined: it is the probability that the particle be elsewhe
namely, inR2I , R being the T50 real line. But the prob-
ability of the measurement outcome of finding the particle
an arbitrary spacetime regionR has no meaning, because th
set of alternatives is not defined.

Consider a measurement of position at fixed time T, on
assigned initial stateC, and assume here that we can perfo
the measurement with infinite time resolution. Let us say t
the probability that the particle is in the intervalI is P. This
probability can be measured~to a given accuracy! by re-
peated measurements, as relative frequency of outcome
we talk about frequency, we have to specify the set of al
natives out of which the outcome is considered. Otherw
the notions of probability and frequency do not make sen

In a measurement of position, the alternative is of
taken to be that the particle is elsewhere~not in I! at T50.
Thus,P is interpreted as the probability that the particle is
I, as the opposite of being inR2I . To make sense of this
definition of alternatives, one should assume that we hav
infinity of detectors spread all along the real line T50, all
the way to infinity: some detectors on Andromeda, some
Orion, and others further away. There is nothing wrong
idealizations, but is this a useful one? Is this idealizat
needed to make sense of the measurement of the localiz
of a particle? In a concrete experiment, what we do is sim
turn on the detector, and see whether it has detected
particle. Why should this be related to the behavior of a
other ideal particle detector on Andromeda?

It is more reasonable to assume that the alternatives
consider are whether this particular detector has detected
particle or not. We can consider a set of two alternativ
only: one is that the detector detects the particle, the othe
that the detector does not detect the particle. Once the in
state of the particle is determined and the detector is sp
fied, these two alternatives are well defined and form a co
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plete set of alternatives. The frequency interpretation of m
surement positions of quantum particles in a real experim
for instance, is clearly this one, and not whether the part
is in I as opposed at being somewhere else.

In the case of a nonrelativistic particle, thetheorytells us
that if the particle is detected inI, then it cannot be detecte
in R2I . This, however, is a consequence of the dynamics
the theory, not ana priori requirement needed to make sen
of the measurement.

Consider now a small spacetime regionR and a detector
there. We can consistently define the probability that the p
ticle is in R as the probability that the detector detects t
particle. This is not the probability that the particle is inR as
opposed to being somewhere else. It is the probability t
the particle be detected, as opposed to not being detecte

B. What is an observable? Partial observables and complete
observables

Consider the following objection.
In quantum mechanics, the position of the particle X is

observable, while the time T is an external parameter. O
should not confuse the two, which are very distinct. In p
ticular, if we say that we measure whether the particle is
R, we are assuming that we can measure quantum mech
cally both position and time, and this is a mistake, beca
time is not an observable.

This point is discussed in detail in Ref.@18#. Here we give
a short account of the response, referring the reader to@18#
for more details. There is a certain ambiguity in the notion
observable. This ambiguity is reflected, for instance, in
difference between the quantum theory observables in
Schrödinger picture~the ‘‘position’’ operator X! and in the
Heisenberg picture@the ‘‘position at time T’’ operator X~T!#.
To disentangle this ambiguity, let us start from the classi
mechanics of a single particle. At every time T, we can m
sure the position X where the particle is. Let us use
expression ‘‘complete observable’’ to indicate the position
the particle at a given time. Thus, a complete observable
for instance, the position at T50, and a distinct complete
observable is the position at T53 s. We use the expressio
‘‘partial observable’’ to generically indicate the ‘‘position’’ o
the ‘‘time.’’ More precisely, we operationally define a parti
observable as any measurement procedure that produc
number~checking where the particle is, looking at the cloc
etc.!. We define a complete observable as a measurem
procedure that gives a number that can be predicted from
knowledge of the state of motion of the system~or, in quan-
tum theory, whose probability distribution can be predicte!.
A typical complete observable is formed by the conjuncti
of two ~or more! partial observables.

In noncovariant theories, partial observables fall into tw
distinct groups: independent and dependent ones. Inde
dent partial observables characterize the spacetime pos
where the measurement happens. Thus, time is the inde
dent partial observable in the mechanics of a nonrelativi
particle, while the position of the particle is the depende
one. In Maxwell theory, time and position are two indepe
dent partial observables, the electric and magnetic fields
6-13
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MICHAEL REISENBERGER AND CARLO ROVELLI PHYSICAL REVIEW D65 125016
the dependent observables, and a complete observab
given by the value of the field at a given time and a giv
position.

The novelty introduced with general relativity, and th
peculiarity of all covariant theories, is precisely the fact th
the a priori distinction between dependent and independ
partial observables is lost. Complete observables are
given by conjunctions of partial observables, but depend
and independent partial observables are not distinguis
Thus, for instance, in the cosmology of an isotropic unive
with a constant scalar field,a andf are both partial observ
ables, but they are on an equal footing.

Going back to the objection, the truly observable quan
is the relation between X and T. That is, a state of mot
determines a unique relation between X and T. Becaus
the specific form of the dynamics of the system, we can t
treat the two quantities nonsymmetrically. We can treat T
an external independent parameter and X as a dynam
variable. In a general case, however, this may be imposs
A general state of motion will determine a relation betwee
set of variables in an extended configuration spaceM. Thus,
the distinctiona priori between X and T mentioned in th
objection is viable, but not necessary, in a noncovari
theory. It is no longer viable in a covariant context.

C. Repeated measurements

Up to now, we have considered the situation in whi
quantum theory is employed to predict the probability for t
outcome of a measurement on a state prepared in ano
measurement. Standard quantum theory, however, ha
wider application: it can be applied to repeated measu
ments. That is, quantum theory addresses the following p
lem. Assume we know that the system is in a stateuC&; let a
first measurement be performed and let us assume tha
know the outcomeA of the measurement. What is the sta
after the measurement? Equivalently, how can we comp
the probabilityP of obtainingA andobtainingB in another
measurement~of a different observable!?

The standard answer is the following. IfPA is the projec-
tor on the eigenspace corresponding to the outcomeA, and
PB is the projector on the eigenspace corresponding to
outcomeB, then the probability of obtainingA and B is
PBA5uPBPAC&u2 if the A measurement is the first in time
It is PAB5uPAPBC&u2 if the B measurement is the first i
time. In general, the two projectorsPA andPB do not com-
mute, and thereforePAB is not equal toPBA . Therefore the
probability of a set of outcomes is determined by thetime
ordering of the measurements.

If we try to analyze this situation in our covariant fram
work we find that the framework it is not complete, sin
time ordering is not defined in a covariant theory. This fa
raises a difficulty. To see this, consider three regions of
extended configuration space:R, R8, andR9. Let the state
be uR&. What is the probability that the system is detected
R8 and in R9?

It is tempting to say that the measurement of the system
R8 prepares a stateuR8&^R8uR&[PR8uR& on which theR9
measurement acts and so the probability iszuPR9PR8R& z2.
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But which projector,PR8 or PR9 , should be applied first?
In the case of a nonrelativistic particle being detected

two very small spacetime regionsR8 andR9 with R9 to the
future of R8 and both to the future ofR, the formulaP
5 zuPR9PR8R& z2 does indeed reproduce the correct stand
result. On the other hand, the quantityP5uPR8PR9R&u2
does not seem to have any clear physical meaning in
theory @20#. But if this is so, how can we generalize th
result to an arbitrary configuration spaceM, in which no
time ordering is defined? The projectors act on the wa
functions in all of spacetime, including the past, so it is n
obvious that the projector corresponding to the later m
surement should be put on the left. Indeed, it may not
possible to define which region is later. For instance, in
special relativistic context even disjoint regions may
partly in the future and partly in the past of each other.

There are two possibly related approaches. In the fi
approach@19# the series of measurements is treated a
single measurement by including part of the measurem
apparatus in the system of observation, with the reading
the results of the sequence of measurements by the obs
constituting the final, single act of measurement.

For instance, in the example above assume that in
region R8 the particle interacts with a two-state systemS1
and in the regionR9 with a two-state systemS2 , as in Sec.
II A. The extended configuration spaceM is the physical
spacetimeM times$0,1% times$0,1%. Assume the initial state
is characterized by the region (R,0,0) ofM. Let us ask what
is the probability that the system is found in (RT,1,1), where
RT is the T5const line in spacetime and T is later thanR8
andR9. It is then easy to see that the resulting probabil
amplitude is proportional toA5uT(PR8PR9)R&u2, whereT
indicates time ordering. That is, time ordering is not pr
duced by an additional postulate of the quantum theory,
simply by the dynamics itself. The quantum theory predi
only outcomes of individual measurements. A sequence
measurements can be reformulated as a single measure
by including into the system the dynamics of the measu
ment apparatus.

The second answer is more speculative. In order to
quantum theory, we ideally separate the world into two co
ponents. The first component is the system studied, which
denoteS. The second component is the ‘‘observer,’’ name
the rest of the world, which we denoteO. We think that this
separation is intrinsic in the quantum description of t
world: quantum theory is always a theory of the interactio
of a system~S! over another system~O!.2 On the other hand,
the division is arbitrary: indeed, the most remarkable feat
of quantum theory is that the descriptions obtained by bre
ing the world intoS/O components in different manners a
all consistent with each other@21#. Now, theS system may
be a covariant system in which time ordering is not defin
Nevertheless, a time ordering may be introduced byO. In
other words, the time ordering that selects the relevant pr

2However, there are well developed attempts to make sense o
quantum theory of ‘‘closed’’ systems, namely, systems that do
interact with an external observer. See, in particular,@1#.
6-14
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SPACETIME STATES AND COVARIANT QUANTUM THEORY PHYSICAL REVIEW D65 125016
abilities may be the one of the observer, not the one of
system. For instance, imagine thatS is formed by thea andf
degrees of freedom in a cosmological situation. We can t
then asO a set of variables describing physics on, say,
Earth, for which a specific time ordering is somehow phy
cally determined. A sequence of measurements in theM
extended configuration space with coordinatesa and f is
then time ordered by the order under which the systemO
comes in relation to these regions.

VI. CONCLUSION

We have explored the possibility of defining quantu
theory in a covariant form. That is, in a form that allows t
independent time variable to be treated on an equal foo
with the dynamical variables in the extended configurat
space. We expect that such a form of quantum theory
required for understanding the quantum behavior of cov
ant systems such as relativistic gravitational systems.

We have found that much of the peculiar role that the ti
variable assumes in the conventional formulation of quan
theory is not intrinsic in the quantum behavior of physic
systems, but rather depends on an idealization of the m
surements: the unrealistic assumption that physical meas
ments can be performed instantaneously. This idealiza
simplifies the formalism of quantum theory; however,
hides the beautiful symmetry among all variables of the
tended configuration space. This symmetry is present in c
sical mechanics, where it is made manifest by formulatio
such as the Hamilton-Jacobi theory, or the covari
~presymplectic, parametrized! Hamiltonian formulation. The
thesis of this paper is that this symmetry is not broken by
physical quantum phenomenology, but only by the unrea
tic idealization of instantaneous measurements. Giving
this idealization reveals the same symmetry in the quan
world, opening the way to a formulation of quantum theo
sufficiently general to deal with covariant theories.

The technical ingredient to be added to the quantum
malism is the notion of a spacetime-smeared quantum s
This is a state generated by a measurement that is not in
taneous. In particular, localization measurements can
naturally described in terms of states associated with sp
time regions, or more generally, regions in the extended c
figuration space. The key element of the theory, from t
point of view, is the propagatorW(x,y). This quantity is a
si

er

.
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two-point function in configuration space; it is closely r
lated~but not identical! to the ‘‘probability amplitude for the
system to be detected atx if it was detected aty.’’ Further-
more, it defines the Hilbert space of the theory, since it is
kernel of the scalar product between spacetime-sme
states, and it defined the ‘‘projection’’ from the space of t
functions over configuration space to the Hilbert space its
In general,W(x,y) is defined by the Wheeler-DeWitt oper
tor. In the classical limit, it is easy to see thatW(x,y) re-
duces to the exponential of the classical action, or, m
precisely, to a general solution of the Hamilton-Jacobi eq
tion of the system.

The formulation we have suggested makes sense for
relativistic systems, at the~interesting! price of adding ‘‘ret-
rodictions’’ to the predictions of the quantum theory.
makes sense in the context of~unrealistic! relativistic theo-
ries of a single particle, where it helps clarifying the distin
tion between the different kind of states associated w
spacetime points~such as the Newton-Wigner and the Ph
lips states!. It allows us to make sense of the~unrealistic!
quantum theory of a single particle in a curved spacetim
allows us to give a logically consistent interpretation to
~realistic?! quantum cosmological models, as far as
‘‘problem of time’’ of these models is concerned. We exp
also that this general formulation can be taken as a refer
scheme in quantum gravity.

The remaining conceptual difficulty regards the possi
ity of associating probabilities with sequences of meas
ments. We see two possible solutions to this difficulty. T
first is by reducing any such sequence to a single meas
ment or, equivalently, to sets of commuting measureme
by including the apparatus in the theory. The second is
introducing the notion of time ordering of the observer.

Note added. In a recent paper@22#, the interpretation pos
tulate presented here is shown to be correct in the conte
the dynamics of a relativistic particle, provided that a L
entz invariant description of the measurement is utilized
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